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Multiplication Operators on the Bloch Space
of Bounded Homogeneous Domains

Robert F. Allen and Flavia Colonna

Abstract. In this paper, we study the multiplication operators on the Bloch
space of a bounded homogeneous domain in Cn. Specifically, we characterize
the bounded and the compact multiplication operators, establish estimates
on the operator norm, and determine the spectrum. We prove that the only
bounded multiplication operators on the Bloch space of the polydisk are those
whose symbol is constant. Furthermore, we prove that for a large class of
bounded symmetric domains, the isometric multiplication operators are those
whose symbol is a constant of modulus one.
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1. Introduction

In recent years, the operator theory of many functional Banach spaces that arise
in complex function theory has been studied extensively. Two particular impor-
tant classes of operators are the multiplication operators and the composition
operators. While a great deal is known about the composition operators on
a wide variety of functional Banach spaces (see [17] and [9]), in the literature
the amount on the study of multiplication operators on some spaces has been
surprisingly small.

Multiplication operators on the Bloch space of the open unit disk D have been
studied in [3], [4], [15], and [1]. In this setting, criteria for the boundedness
of multiplications operators were obtained independently by Arazy [3], and by
Brown and Shields [4]. More recently, Ohno and Zhao characterized the bounded
and the compact weighted composition operators on the Bloch space and on its
subspace given by the closure of the polynomials known as the little Bloch space
[15]. As a corollary, they deduced that the only compact multiplication operators
are those whose symbol is identically zero. In [1], the authors gave estimates on
the operator norm, determined the spectrum, and showed that the only isometric
multiplication operators are those whose symbol is a unimodular constant.
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Bloch functions in higher dimensions have been introduced on bounded homoge-
neous domains in [12]. Krantz and Ma defined the notion of Bloch function on
a strongly pseudoconvex domain [14].

The study of the multiplication operators on the Bloch space in higher dimensions
was begun by Zhu, who characterized the bounded multiplication operators on
the Bloch space and the little Bloch space of the unit ball Bn [23]. In [21]
and [22], Zhou and Chen characterized the bounded and the compact weighted
composition operators on the Bloch space of the unit ball and the unit polydisk,
thereby obtaining corresponding results for the multiplication operators.

In this work, we carry out the study of the multiplication operators on the
Bloch space of a bounded homogeneous domain and on a subspace we call the
∗-little Bloch space. Specifically, we extend the results of Zhu, Zhao and Chen,
and obtain operator norm estimates similar to those found for the case of the
unit disk. Furthermore, we determine the spectrum and show that for the the
polydisk and for bounded symmetric domains that do not have the disk as a
factor, the only isometric multiplication operators are those whose symbol is a
constant function of modulus one.

2. Preliminaries

A domain D ⊂ Cn is homogeneous if the group Aut(D) of biholomorphic self-
maps of D (which we call automorphisms) acts transitively on D. An important
subclass of homogeneous domains are the symmetric domains. A domain D ⊂ Cn
is symmetric at z0 ∈ D if there exists an involutive automorphism of D for
which z0 is an isolated fixed point. A domain D is said to be symmetric if D is
symmetric at each point.

Cartan [5] showed that every bounded symmetric domain in Cn is biholomorphic
to a finite product of irreducible bounded symmetric domains, unique up to
order. Moreover, Cartan classified the irreducible bounded symmetric domains
into six classes; four of the classes are referred to as Cartan classical domains,
whereas the other two, each consisting of a single domain, are referred to as the
exceptional domains. A bounded symmetric domain written as such a product
is said to be in standard form. The Cartan classical domains are defined as:

RI = {Z ∈Mm,n(C) : Im − ZZ∗ > 0}, for m ≥ n ≥ 1,

RII = {Z ∈Mn(C) : Z = ZT , In − ZZ∗ > 0}, for n ≥ 1,

RIII = {Z ∈Mn(C) : Z = −ZT , In − ZZ∗ > 0}, for n ≥ 2,

RIV =
{
z = (z1, . . . , zn) ∈ Cn : A > 0, ||z||2 < 1

}
, for 1 ≤ n 6= 2,

where Mm,n(C) denotes the set of m × n matrices with entries in C, Mn(C) =

Mn,n(C), ZT is the transpose of Z, A =
∣∣∑ z2

j

∣∣2 + 1 − 2 ||z||2, and ||z||2 =∑
|zj|2. To assure these classes are disjoint, the dimensional restrictions n ≥ 2
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for domains in RII and n ≥ 5 for domains in RIII and RIV are imposed. For a
description of the exceptional domains we refer the reader to [10].

Remark 1. Every bounded symmetric domain is homogeneous and a bounded
homogeneous domain that is symmetric at a single point is symmetric. Each
bounded homogeneous domain D is endowed with a canonical metric invariant
under the action of Aut(D), called the Bergman metric. The unit ball Bn and the
unit polydisk Dn are examples of bounded symmetric domains in Cn. A descrip-
tion of the Bergman metric and the automorphism group of the Cartan classical
domains can be found in [13]. Cartan proved that every bounded homogeneous
domain in dimensions 2 and 3 is symmetric. An example of a homogeneous
domain in dimension 4 that is not symmetric can be found in [16].

In [12] Hahn introduced the notion of Bloch function on a bounded homogeneous
domain. In [18] and [19] Timoney expanded the study of Bloch functions in this
setting. In this article, we adopt the terminology and notation used by Timoney.
We denote by H(D) the set of holomorphic functions from D ⊂ Cn into C and
by H∞(D) the set of bounded functions in H(D).

Let D be a bounded homogeneous domain in Cn and f ∈ H(D). Then for z ∈ D,
define

(1) Qf (z) = sup
u∈Cn\{0}

|∇(f)(z)u|
Hz(u, u)1/2

where for u = (u1, . . . , un) ∈ Cn, ∇(f)(z)u =
n∑
j=1

∂f

∂zj
(z)uj, and Hz(·, ·) is the

Bergman metric of D. A function f is called Bloch if

βf = sup
z∈D

Qf (z) <∞.

It was shown by Timoney that every bounded holomorphic function on D is
Bloch (see [18], Example 3.7(2)). For a fixed z0 ∈ D, the Bloch space on D
based at z0 is the Banach space B(D) of all Bloch functions on D under the
norm

||f ||B = |f(z0)|+ βf .

For convenience, we shall assume that D contains the origin and choose 0 as the
base point to define the norm. Note that if D = D, Qf (z) = (1− |z|2) |f ′(z)| .
In [19] the little Bloch space on the unit ball was defined as

B0(Bn) =

{
f ∈ B(Bn) : lim

||z||→1−
Qf (z) = 0

}
which is the closure of the polynomials in B(Bn). However, when D is a bounded
symmetric domain other than the ball, the only Bloch functions f on D such
that Qf (z)→ 0 as z approaches the boundary ∂D of D are the constants, so the
little Bloch space B0(D) is defined as the closure of the polynomials.
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The ∗-little Bloch space is defined as

B0∗(D) =
{
f ∈ H(D) : lim

z→∂∗D
Qf (z) = 0

}
,

where ∂∗D denotes the distinguished boundary of D. If D is the unit ball, then
∂D = ∂∗D and thus B0(D) = B0∗(D), while when D 6= Bn, B0(D) is a proper
subspace of B0∗(D), and B0∗(D) is a non-separable subspace of B(D).

3. Boundedness

Let D be a bounded homogeneous domain in Cn. For z ∈ D, we define

ω(z) = sup
f∈B(D)

{|f(z)| : f(0) = 0 and ||f ||B ≤ 1} ,

ω0(z) = sup
f∈B0∗ (D)

{|f(z)| : f(0) = 0 and ||f ||B ≤ 1} .

In [2] it was shown that if f ∈ B(D), then

βf = sup
z 6=w

|f(z)− f(w)|
ρ(z, w)

,

where ρ is the distance induced by the Bergman metric on D. Consequently, if
f ∈ B(D) with f(0) = 0 and ||f ||B ≤ 1, then |f(z)| ≤ ρ(z, 0) for each z ∈ D.
Thus

(2) ω0(z) ≤ ω(z) ≤ ρ(z, 0),

and hence ω0(z) and ω(z) are finite for all z ∈ D.

Lemma 3.1. Let D be a bounded homogeneous domain in Cn and z ∈ D.

(a) If f ∈ B(D), then

|f(z)| ≤ |f(0)|+ ω(z)βf .

(b) If f ∈ B0∗(D), then

|f(z)| ≤ |f(0)|+ ω0(z)βf .

Proof. Suppose f ∈ B(D) is not constant. Then the function g defined by
g(z) = 1

βf
(f(z)− f(0)) is holomorphic and such that g(0) = 0 and ||g||B = 1. So

|g(z)| ≤ ω(z) for all z ∈ D. Thus,

|f(z)| ≤ |f(0)|+ |f(z)− f(0)| = |f(0)|+ |g(z)| βf ≤ |f(0)|+ ω(z)βf ,

for all z ∈ D. The result for B0∗(D) is analogous.

For ψ ∈ H(D), define
σψ = sup

z∈D
ω(z)Qψ(z),

σ0,ψ = sup
z∈D

ω0(z)Qψ(z).
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Theorem 3.2. Let D be a bounded homogeneous domain in Cn and ψ ∈ H(D).

(a) Mψ is bounded on B(D) if and only if ψ ∈ H∞(D) and σψ <∞.
(b) Mψ is bounded on B0∗(D) if and only if ψ ∈ H∞(D)∩B0∗(D) and σ0,ψ <∞.

Proof. To prove (a), assume ψ ∈ H∞(D) with σψ < ∞, and let f ∈ B(D).
Applying the product rule, for all z ∈ D we have

(3) Qψf (z) ≤ |ψ(z)|Qf (z) + |f(z)|Qψ(z).

Since ψ is bounded, using Lemma 3.1(a), inequality (3) yields

βψf ≤ ||ψ||∞ βf + sup
z∈D

(|f(0)|+ ω(z)βf )Qψ(z)

≤ ||ψ||∞ βf + |f(0)| βψ + σψβf ,

which is finite. Thus, Mψf ∈ B(D) and

(4) ||Mψf ||B ≤ |f(0)| ||ψ||B + (||ψ||∞ + σψ)βf .

It follows immediately that ||Mψf ||B ≤ (||ψ||B + ||ψ||∞ + σψ) ||f ||B , proving that
Mψ is bounded on B(D).

Conversely, suppose Mψ is bounded on B(D). By Lemma 11 of [11], ψ ∈ H∞(D)
with ||ψ||∞ ≤ ||Mψ||. Thus, it suffices to show that σψ is finite. Let f ∈ B(D).
Applying the product rule, for each z ∈ D we obtain

|f(z)|Qψ(z) ≤ Qψf (z) + |ψ(z)|Qf (z) ≤ ||Mψf ||B + |ψ(z)|Qf (z)

≤ (||Mψ||+ |ψ(z)|) ||f ||B .

Taking the supremum over all Bloch functions f such that f(0) = 0 and ||f ||B ≤
1, we get ω(z)Qψ(z) ≤ ||Mψ|| + |ψ(z)| . Finally, taking the supremum over all
z ∈ D, we arrive at σψ ≤ ||Mψ||+ ||ψ||∞ , which is finite.

Next, assume ψ ∈ H∞(D) ∩ B0∗(D) and σ0,φ < ∞. Then for f ∈ B0∗(D)
and z ∈ D, we have Qψf (z) ≤ ||ψ||∞Qf (z) + (|f(0)| + ω0(z)βf )Qψ(z) → 0 as
z → ∂∗D. The boundedness of Mψ on B0∗(D) follows by using the argument in
the proof of part (a) and Lemma 3.1(b).

Conversely, if Mψ is bounded on B0∗(D), then ψ = Mψ(1) ∈ B0∗(D) since 1 ∈
B0∗(D). Arguing as in the proof of part (a), we see that σ0,ψ ≤ ||Mψ||+ ||ψ||∞ ,
completing the proof.

3.1. Equivalence of Boundedness on B(D) and B0∗(D). We will now dis-
cuss conditions for which the boundedness of Mψ is equivalent on the Bloch space
and ∗-little Bloch space. We first prove that for the cases of the unit ball and
polydisk, the boundedness of Mψ on B(D) is equivalent to the boundedness on
B0∗(D). We then show sufficient conditions for which this is true on a general
bounded homogeneous domain.
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In the case of the unit ball, the quantities ω(z) and ω0(z) are equal to the
Bergman distance from 0 to z for all z ∈ Bn, and we have the explicit formula

(5) ω0(z) = ω(z) =
1

2
log

1 + ||z||
1− ||z||

(see [23], Theorems 3.9 and 3.14). In turn, this implies that σ0,ψ = σψ. So, we
have the following characterization of bounded multiplication operators on the
Bloch space and little Bloch space of the unit ball. Recall that for the unit ball
the little Bloch space and the ∗-little Bloch space are the same.

Corollary 3.3. Let ψ ∈ H(Bn). Then the following are equivalent:

(a) Mψ is bounded on B(Bn).
(b) Mψ is bounded on B0(Bn).

(c) ψ ∈ H∞(Bn) and sup
z∈Bn

log
1 + ||z||
1− ||z||

Qψ(z) is finite.

Proof. The equivalence (a) ⇐⇒ (c) and the implication (b) =⇒ (c) follow im-
mediately from Theorem 3.2 and (5). To show that (c) =⇒ (b), it suffices to

show that ψ ∈ B0(Bn). Since sup
z∈Bn

log
1 + ||z||
1− ||z||

Qψ(z) is finite, and as ||z|| → 1−,

log 1+||z||
1−||z|| goes to ∞, it must be the case that Qψ(z) → 0. Thus ψ ∈ B0(Bn), as

desired.

We will now show the analogous result for the Bloch space on the polydisk. We
first need the following lemma.

Lemma 3.4. For z ∈ Dn and k = 1, . . . , n, the following inequalities hold:

(a)
1

2
log

1 + |zk|
1− |zk|

≤ ω(z).

(b) ρ(0, z) ≤ 1

2

n∑
k=1

log
1 + |zk|
1− |zk|

.

Proof. To prove (a), fix z ∈ Dn and k = 1, . . . , n, and for w ∈ Dn, define

h(w) =
1

2
Log
|zk|+ wkzk
|zk| − wkzk

,

where Log denotes the principal branch of the logarithm. Then h ∈ H(Dn),

h(0) = 0, ∂h
∂zj

(w) = 0 for j 6= k, and ∂h
∂zk

(w) = zk|zk|
|zk|2−w2

kzk
2 . By Theorem 3.3 of [7],

βh(w) = (1−|wk|2)|zk|2

||zk|2−w2
kzk

2| ≤ 1. In particular,

1

2
log

1 + |zk|
1− |zk|

= |h(z)| ≤ ω(z).
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To prove (b), observe that for z ∈ Dn and u ∈ Cn,

Hz(u, u) =
n∑
k=1

|uk|2

(1− |zk|2)2

(e.g. see [18]), and recall that if γ = γ(t) (0 ≤ t ≤ 1) is the geodesic from w to
z, then

ρ(w, z) =

∫ 1

0

Hγ(t)(γ
′(t), γ′(t))1/2 dt.

Since the geodesic from 0 to z ∈ Dn is parametrized by γ(t) = tz, for 0 ≤ t ≤ 1,
we obtain

ρ(0, z) =

∫ 1

0

(
n∑
k=1

|zk|2

(1− |zk|2 t2)2

)1/2

dt ≤
∫ 1

0

n∑
k=1

|zk|
1− |zk|2 t2

dt

=
1

2

n∑
k=1

log
1 + |zk|
1− |zk|

.

Theorem 3.5. Let ψ ∈ H(Dn). Then the following are equivalent:

(a) Mψ is bounded on B(Dn).
(b) Mψ is bounded on B0∗(D

n).

(c) ψ ∈ H∞(Dn) and sup
z∈Dn

n∑
k=1

log
1 + |zk|
1− |zk|

Qψ(z) is finite.

Proof. The equivalence (a)⇐⇒ (c) follows at once from Theorem 3.2(a), Lemma
3.4, and (2).

To prove (c) =⇒ (b), suppose ψ ∈ H∞(Dn) and supz∈Dn

∑n
k=1 log 1+|zk|

1−|zk|
Qψ(z) is

finite. Since as z → ∂∗Dn, log 1+|zk|
1−|zk|

→ ∞ for all k ∈ {1, . . . , n}, the finiteness

of supz∈Dn Qψ(z)
∑n

k=1 log 1+|zk|
1−|zk|

implies that Qψ(z)→ 0 as z → ∂∗Dn, and thus

ψ ∈ B0∗(D). Furthermore, by (2) and Lemma 3.4(b), σ0,ψ < ∞. By Theorem
3.2(b), Mψ is bounded on B0∗(D

n).

Conversely, assume Mψ is bounded on B0∗(D
n). Then by Theorem 3.2(b), ψ ∈

H∞(Dn) ∩ B0∗(D
n) and σ0,ψ < ∞. Fix k ∈ {1, . . . , n} and w ∈ Dn, and for

z ∈ Dn define

fw(z) =
1

2
Log

1 + wkzk
1− wkzk

.

Observe that fw(0) = 0 and, for z ∈ Dn, ∂fw

∂zj
(z) = 0 for all j 6= k, and

∂fw
∂zk

(z) =
wk

1− wk2z2
k

.
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From Theorem 3.3 of [7], we have

Qfw(z) =

∥∥∥∥((1− |z1|2)
∣∣∣∣∂fw∂z1

(z)

∣∣∣∣ , . . . , (1− |zn|2) ∣∣∣∣∂fw∂zn
(z)

∣∣∣∣)∥∥∥∥
=

(1− |zk|2)|wk|
|1− wk2z2

k|
≤ (1− |zk|2) |wk|

1− |wk|2 |zk|2
≤ |wk|.

Thus ||fw||B ≤ |wk| < 1. Furthermore, Qfw(z) → 0 as z → ∂∗Dn, and so fw ∈
B0∗(D

n). Hence, for z ∈ Dn,

(6) |fw(z)|Qψ(z) ≤ ω0,ψ(z)Qψ(z) ≤ σ0,ψ.

Observe that

|fw(z)| ≥ 1

2

(
log

∣∣∣∣1 + wkzk
1− wkzk

∣∣∣∣− π

2

)
,

and so
1

2
log

∣∣∣∣1 + wkzk
1− wkzk

∣∣∣∣ ≤ |fw(z)|+ π

4
.

Let wk = |wk| eiθk and choose zk so that arg(zk) = θk. From (6), we obtain

1

2
Qψ(z) log

1 + |wk| |zk|
1− |wk| |zk|

≤ σ0,ψ +
π

4
βψ.

By letting |wk| → 1, we obtain

sup
z∈Dn

Qψ(z) log
1 + |zk|
1− |zk|

≤ 2σ0,ψ +
π

2
βψ.

We deduce that

sup
z∈Dn

Qψ(z)
n∑
k=1

log
1 + |zk|
1− |zk|

≤ n
(

2σ0,ψ +
π

2
βψ

)
<∞,

proving that (b) =⇒ (c).

Corollary 3.6. Let n ≥ 2 and ψ ∈ H(Dn). Then Mψ is bounded on B(Dn) if
and only if ψ is a constant function.

Proof. It is immediate that Mψ is bounded on B(Dn) if ψ is a constant function.
Conversely, suppose Mψ is bounded on B(Dn). By Theorem 3.5, ψ is a Bloch
function and

sup
z∈Dn

Qψ(z)
n∑
k=1

log
1 + |zk|
1− |zk|

<∞.

As z → ∂Dn, log 1+|zk|
1−|zk|

→∞ for some k ∈ {1, . . . , n}. Thus,

lim
z→∂Dn

Qψ(z) = 0.

Since n ≥ 2, the unit polydisk is not biholomorphically equivalent to the unit
ball, and so by Proposition 4.1 of [19], ψ is a constant function.



00 (0000), No. 0 Multiplication Operators on B(D) 9

Finally, we provide sufficient conditions for the boundedness of Mψ on B(D) to be
equivalent to the boundedness on B0∗(D), where D is any bounded homogeneous
domain in Cn. The notation A � B means there exist constants c1, c2 > 0 such
that c1A ≤ B ≤ c2A.

Proposition 3.7. Let D be a bounded homogeneous domain in Cn and ψ ∈
H(D). If σψ � σ0,ψ and lim

z→∂∗D
ω0(z) = ∞, then Mψ is bounded on B(D) if and

only if it is bounded on B0∗(D).

Proof. First, assume Mψ is bounded on B(D). Then, ψ ∈ H∞(D) and σ0,ψ

is finite. From the hypothesis, it follows that Qψ(z) → 0 as z → ∂∗D. Thus,
ψ ∈ B0∗(D), proving that Mψ is bounded on B0∗(D). Conversely, if Mψ is
bounded on B0∗(D), it follows immediately that Mψ is bounded on B(D), since
σψ � σ0,ψ.

4. Operator Norm Estimates

In this section, we provide estimates on the norm of the bounded multiplication
operators on the Bloch space and ∗-little Bloch space of a bounded homogeneous
domain. These estimates correspond to those established in [1] for the case of
the unit disk.

Theorem 4.1. Let D be a bounded homogeneous domain in Cn.

(a) If ψ ∈ H(D) induces a bounded multiplication operator on B(D), then

max{||ψ||B , ||ψ||∞} ≤ ||Mψ|| ≤ max{||ψ||B , ||ψ||∞ + σψ}.

(b) If ψ ∈ H(D) induces a bounded multiplication operator on B0∗(D), then

max{||ψ||B , ||ψ||∞} ≤ ||Mψ|| ≤ max{||ψ||B , ||ψ||∞ + σ0,ψ}.

Proof. We will prove the norm estimates for Mψ bounded on B(D), the ar-
gument for B0∗(D) is analogous. By Lemma 11 of [11], we have ||ψ||∞ ≤
||Mψ||. Furthermore, for f identically 1, ||Mψf ||B = ||ψ||B. Therefore ||Mψ|| ≥
max{||ψ||B , ||ψ||∞}.
Next, let f ∈ B(D). and apply the identity |f(0)| = ||f ||B − βf to (4) to deduce

||Mψf ||B ≤ ||ψ||B ||f ||B + (||ψ||∞ + σψ − ||ψ||B) βf .

If ||ψ||∞+σψ ≤ ||ψ||B, then ||Mψf ||B ≤ ||ψ||B ||f ||B, while if ||ψ||∞+σψ ≥ ||ψ||B,
then ||Mψf ||B ≤ (||ψ||∞ + σψ) ||f ||B , proving the upper estimate.
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5. Spectrum

In this section, we determine the spectra of the bounded multiplication operators
on the Bloch space and ∗-little Bloch space of a bounded homogeneous domain
in Cn, thereby extending the results obtained in [1] for the case of the unit disk.

Recall that the spectrum of an operator T is defined as

σ(T ) = {λ ∈ C : T − λI is not invertible} ,

where I is the identity operator. If λ ∈ C, then Mψ − λI = Mψ−λ. Thus,
λ ∈ σ(Mψ) if and only if Mψ−λ is not invertible.

Theorem 5.1. Let D be a bounded homogeneous domain in Cn and assume
ψ ∈ H(D) induces a bounded multiplication operator on B(D) or B0∗(D). Then

σ(Mψ) = ψ(D).

Proof. We first prove the result for Mψ acting on B(D). Let λ ∈ ψ(D). Then
there exists z0 ∈ D at which the function (ψ(z)−λ)−1 is singular. Thus Mψ−λ is

not invertible and ψ(D) ⊆ σ(Mψ). Since the spectrum is closed, ψ(D) ⊆ σ(Mψ).

Suppose λ 6∈ ψ(D). Then ψ(z) − λ is bounded away from zero; that is, there
exists α > 0 such that |ψ(z)− λ| ≥ α for all z ∈ D. Thus the function g defined
by g(z) = (ψ(z) − λ)−1 is bounded holomorphic on D. By Theorem 3.2, the
multiplication operator induced by g is bounded on B(D) since

σg = sup
z∈D

ω(z)Qg(z) ≤ sup
z∈D

1

α2
ω(z)Qψ(z) =

1

α2
σψ <∞.

Thus λ 6∈ σ(Mψ).

To prove the result for Mψ acting on B0∗(D), it suffices to show that the bounded

holomorphic function g defined above is in the ∗-little Bloch space for λ 6∈ ψ(D).
Since ψ ∈ B0∗(D) and Qg(z) ≤ 1

α2Qψ(z), it follows that Qg(z)→ 0 as z → ∂∗D,
as desired.

6. Compactness

In this section, we characterize the compact multiplication operators on the Bloch
space and the ∗-little Bloch space of a bounded homogeneous domain in Cn. The
key to this characterization is the spectral theorem of compact operators due to
Riesz (see Theorem 7.1 of [8]). If we apply Theorem 5.1 to the spectral theorem
of compact operators, we obtain the following lemma.

Lemma 6.1. Let D be a bounded homogeneous domain in Cn and ψ ∈ H(D)

such that Mψ is bounded on B(D) or B0∗(D). Then ψ(D) is non-empty and at

most countably infinite. Furthermore, if ψ(D) is a singleton, then ψ(D) = {0}.
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Theorem 6.2. Let D be a bounded homogeneous domain. The only compact
multiplication operator on B(D) or B0∗(D) is the operator whose symbol is iden-
tically 0.

Proof. Let D be a bounded homogeneous domain and ψ ∈ H(D). Clearly if
ψ ≡ 0, then Mψ is compact on B(D) or B0∗(D). Suppose Mψ is compact on
B(D) or B0∗(D). By Lemma 6.1, the range of ψ is at most countable. On the
other hand, if the range of ψ contains two distinct points, then it contains a
continuum, and thus is uncountable. Hence, the range of ψ must be a single
point and by Lemma 6.1, ψ must be identically 0.

7. Isometries

In this section, we characterize the isometric multiplication operators on the
Bloch space of a large class of bounded symmetric domains in Cn.

Remark 2. First, we observe that if Mψ is an isometry on B(D) for any bounded
homogeneous domain D, then ||Mψ|| = ||ψ||B. This follows immediately by
applying Mψ to the constant function 1. In fact, if ψ is any constant function of
modulus one, then Mψ is an isometry on the Bloch space. Of course, the same
is true on the ∗-little Bloch space.

In [6], Cohen and the second author defined the Bloch constant of a bounded
homogeneous domain D in Cn as

cD = sup {βf : f ∈ H(D), f(D) ⊆ D} .
When D is a Cartan classical domain, the Bloch constants were computed to be

cD =


√

2/(n+m), if D ∈ RI ,√
2/(n+ 1), if D ∈ RII ,√
1/(n− 1), if D ∈ RIII ,√
2/n, if D ∈ RIV .

In [20], Zhang computed the Bloch constant of the two exceptional domains to
be 1/

√
6 and 1/3. By Theorem 3 of [6], extended to include the exceptional

domains, if D = D1×· · ·×Dk is a bounded symmetric domain in standard form,
then

(7) cD = max
1≤j≤k

cDj
.

Lemma 7.1. Let D = D1×· · ·×Dk be a bounded symmetric domain in standard
form. Then cD ≤ 1, and cD = 1 if and only if Dj = D for some j ∈ {1, . . . , k}.

Proof. First we consider the Bloch constant for each irreducible factor Dj for
1 ≤ j ≤ k. Using the dimensional restrictions in Section 2, by inspection it is
clear that cDj

≤ 1 and cDj
= 1 if and only if Dj is in RI with n = m = 1. Thus,
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by (7), cD ≤ 1 and cD = 1 if and only if there exists j ∈ {1, . . . , k} such that Dj

is in RI with n = m = 1. If there exists such a j, then Dj = D.

We denote by D the set of bounded symmetric domains D for which cD < 1.
By Lemma 7.1, these are precisely the bounded symmetric domains which do
not have D as a factor when written in standard form. The next result follows
immediately from Remark 2 using induction on k.

Lemma 7.2. Let D be a bounded homogeneous domain in Cn and ψ ∈ H(D).
If Mψ is an isometry on B(D) (or B0∗(D)), then Mψk is an isometry on B(D)

(respectively, B0∗(D)) for all k ∈ N. In particular,
∣∣∣∣ψk∣∣∣∣B = 1 for all k ∈ N.

Lemma 7.3. Let D be a bounded symmetric domain and ψ ∈ H(D). If Mψ is
an isometry on B(D) or B0∗(D), then βψk ≤ cD for all k ∈ N. In particular, if
D ∈ D, then βψk < 1 for all k ∈ N.

Proof. By Lemma 11 of [11],
∣∣∣∣ψk∣∣∣∣∞ ≤ ∣∣∣∣Mψk

∣∣∣∣ = 1. Thus ψk is either a
constant function of modulus one or a bounded holomorphic function mapping
into D. If ψk is a constant function of modulus one, then βψk = 0. If ψk is
bounded holomorphic mapping into D, then the definition of the Bloch constant
of D gives βψk ≤ cD for all k ≥ 1. Thus in both cases, βψk ≤ cD for all k ∈ N.
If D ∈ D, the conclusion follows from Lemma 7.1.

Theorem 7.4. Let D ∈ D and ψ ∈ H(D). Then Mψ is an isometry on B(D)
or B0∗(D) if and only if ψ is a constant function of modulus one.

Proof. We will prove this statement for B(D) (the proof follows the same ar-
gument for B0∗(D)). Since the multiplication operators induced by unimodular
constants are isometries, we only need to prove the converse. Suppose Mψ is
an isometry on B(D) and ψ is not a constant function of modulus one. Then
ψ(0) = a, for some |a| < 1. Since

∣∣∣∣ψk∣∣∣∣B = 1, by Lemma 7.3 we have

|a|k = 1− βψk ≥ 1− cD,

so that |a|k is bounded away from 0, contradicting the fact that |a|k → 0 as
k → ∞. Thus, if Mψ is an isometry, then ψ must be a constant function of
modulus one.

8. Open Questions

Let D be a bounded homogeneous domain.

1. If ψ ∈ H(D) induces a bounded multiplication operator on B(D), are the
upper bounds of Theorem 4.1 sharp?

2. If D is not conformally equivalent to the unit ball and ρ is the Bergman
distance on D, is ω(z) = ρ(0, z) for each z ∈ D?

3. If D is a bounded homogeneous domain other than the ball:
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(a) Is ω(z) = ω0(z) for each z ∈ D?
(b) Is σψ � σ0,ψ for some ψ ∈ H(D)? If so, which functions ψ satisfy this

property?
(c) Is lim

z→∂∗D
ω0(z) =∞?

Remark 3. Theorem 7.4 pertains to bounded symmetric domains which do not
have D as a factor, and so it does not apply to the case of the Bloch space on
the unit disk. However, in [1], the authors showed that even in this case the
isometric multiplication operators on the Bloch space of D are precisely those
operators whose symbol is a constant function of modulus one. This result was
known to N. Zorboska, R. Zhao and Z. Cuckovic. Furthermore, by Corollary 3.6,
even in the case of the unit polydisk, the only isometric multiplication operators
are those whose symbol is a constant of modulus one. Thus we end this paper
with the following conjecture.

Conjecture. Let D be a bounded homogeneous domain. Then Mψ is an isom-
etry on B(D) or B0∗(D) if and only if ψ is a constant function of modulus one.
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