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1. Introduction

Let X be a Banach space of holomorphic functions on a domain Ω ⊂ Cn. For ψ a
holomorphic function on Ω and ϕ a holomorphic self-map of Ω, the linear operator
defined by

Wψ,ϕ(f) = ψ(f ◦ ϕ), f ∈ X,
is called the weighted composition operator with symbols ψ and ϕ. Observe that
Wψ,ϕ(f) = MψCϕ(f) where Mψ(f) = ψf is the multiplication operator with
symbol ψ and Cϕ(f) = f ◦ ϕ is the composition operator with symbol ϕ. If ψ is
identically 1, then Wψ,ϕ = Cϕ, and if ϕ is the identity, then Wψ,ϕ = Mψ.

The study of weighted composition operators is fundamental in the study of
Banach and Hilbert spaces of holomorphic functions. The study of the geometry of
a space X is centered on the identification of the isometries on X. The connection
between weighted composition operators and isometries can be traced back to
Banach himself. In [5], Banach proved that the surjective isometries on C(Q), the
space of continuous real-valued functions on a compact metric space Q, are of the
form Tf = ψ(f ◦ ϕ), where |ψ| ≡ 1 and ϕ is a homeomorphism of Q onto itself.
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Although the characterization of isometries is an open problem for most
Banach spaces of holomorphic functions, there are many spaces for which the
isometries are known. In [13], Forelli proved that the isometries on the Hardy
space Hp of the open unit disk D (for p 6= 2) are certain weighted composition
operators. On the Bergman space Ap of D, Kolaski showed that the surjective
isometries are weighted composition operators [17]. El-Gebeily and Wolfe showed
that the isometries on the disk algebra are also weighted composition operators
[12]. Thus the weighted composition operator plays a central role in the study of
the isometries on several spaces of holomorphic functions.

The first study of the isometries on the Bloch space was made by Cima and
Wogen in [8]. They analyzed the isometries on the subspace of the Bloch space
of the open unit disk whose elements fix the origin. On this space, they showed
that the surjective isometries are normalized compressions of weighted composition
operators induced by disk automorphisms. In [18], Krantz and Ma extended their
results to the Bloch space of the unit ball in Cn. However, in any dimension, a
description of all isometries on the entire set of Bloch functions is still unknown.

The study of weighted composition operators is not limited to the study of
isometries. The properties of the weighted composition operators are not solely de-
termined by the component operators, namely multiplication and composition op-
erators. Indeed, there exist bounded weighted composition operators on the Bloch
space for which the associated multiplication operator is not bounded. Likewise,
there are compact weighted composition operators for which neither component
operator is compact. Examples of such operators were provided by Ohno and Zhao
in [22] in the one-dimensional case. In Sections 5 and 6, we give analogous exam-
ples for the unit ball and the unit polydisk in Cn. Thus, the study of weighted
composition operators is truly an evolutionary step in the field of composition
operators.

1.1. Purpose of the paper

From the previous discussion, it is clear that the study of weighted composition
operators is a worthwhile endeavor. A primary purpose of this paper is to bring the
current results on the weighted composition operators on the Bloch space to one
location. There are still many open questions, and thus opportunities for active
research. Thus, our hope is that this exposition will inspire more work in this
area. To this end, we add to this paper some new results, accompanied by some
conjectures and areas for future research.

1.2. Organization of the paper

In Section 2, we review the notion of the Bloch space on the unit disk D and
on bounded homogeneous domains. In Section 3, we outline the results known on
weighted composition operators on the Bloch space and little Bloch space of D.
These include the characterization of the bounded and the compact operators due
to Ohno and Zhao and operator norm estimates.
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In Section 4, we present the known results on the weighted composition op-
erators on the Bloch space in higher dimensions. For a bounded homogeneous
domain D we define quantities which we believe are proper candidates to charac-
terize the bounded and the compact weighted composition operators on the Bloch
space of D and on a subspace we refer to as the ∗-little Bloch space, which is a
higher-dimensional analogue of the little Bloch space. We give sufficient conditions
for boundedness and compactness and give operator norm estimates.

In Sections 5 and 6, we prove the conjectures presented in Sections 4 and 5 for
the Bloch space on the unit ball and unit polydisk which yield results equivalent
to Corollaries 1.4 and 1.6 of [30] and Theorems 1 and 2 of [31].

In Section 7, we characterize the bounded weighted composition operators
from the Bloch space and the ∗-little Bloch space into the space of bounded holo-
morphic functions on a bounded homogeneous domain and determine the norm of
such operators. As a special case, we obtain Theorem 1 of [19]. We also prove an
extension of Theorem 6.1 of [16] to the unit polydisk.

Finally, in Section 8 we discuss further developments and open problems for
the weighted composition operators on the Bloch space of a bounded homogeneous
domain.

2. The Bloch Space

The Bloch space has been defined on many types of domains in Cn. The first such
domain we will consider is the open unit disk D. A complex-valued function f
analytic on D is said to be Bloch if

βf := sup
z∈D

(1− |z|2) |f ′(z)| <∞.

The mapping f 7→ βf is a semi-norm on the space B(D) of Bloch functions on D
and B(D) is a Banach space under the Bloch norm

||f ||B = |f(0)|+ βf .

By the Schwarz-Pick lemma, the space H∞(D) of bounded analytic functions
on D is a subset of B(D) and the containment is proper, since z 7→ Log(1 − z) is
a Bloch function, where Log denotes the principal branch of the logarithm. The
little Bloch space B0(D) on D is defined as the set of Bloch functions f such that

lim
|z|→1

(1− |z|2) |f ′(z)| = 0.

The little Bloch space is a separable subspace of B(D) since the polynomials form
a dense subset. Useful references on Bloch functions and the Bloch space on D
include [23], [4] and [7].

As an immediate consequence of the Schwarz-Pick lemma, if f ∈ B(D) and
ϕ is an analytic self-map of D, then f ◦ϕ ∈ B(D). Furthermore, βf = βf◦ϕ for any
conformal automorphism ϕ of D, that is, the Bloch space is Möbius invariant. In
fact, it is the largest Möbius invariant Banach space [27].
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The notion of Bloch function in higher dimensions was introduced by Hahn
in [14]. In [25] and [26] Timoney studied extensively the space of Bloch functions
on a bounded homogeneous domain and its subspace known as the little Bloch
space on a bounded symmetric domain.

Every bounded domain D ⊂ Cn is endowed with a canonical metric called the
Bergman metric, which is invariant under the action of the group of biholomorphic
transformations, which we call automorphisms and denote by Aut(D) [15]. We will
focus on a particular class of domains in Cn, the homogeneous domains. A domain
D in Cn is called homogeneous if Aut(D) acts transitively on D, that is, for all
z1, z2 ∈ D, there exists φ ∈ Aut(D) such that φ(z1) = z2.

A domain D ⊂ Cn is symmetric at a point z0 ∈ D if there exists φ ∈
Aut(D) such that φ ◦ φ is the identity and z0 is an isolated fixed point of φ. A
domain is symmetric if it is symmetric at each of its points. A symmetric domain
is homogeneous and a homogeneous domain that is symmetric at a single point is
symmetric. Therefore the unit ball Bn and the unit polydisk Dn are symmetric,
since they are homogeneous and symmetric at the origin via z 7→ −z.

Let D be a bounded homogeneous domain in Cn. A holomorphic function
f : D → C is said to be a Bloch function if βf = sup

z∈D
Qf (z) is finite, where

Qf (z) = sup
u∈Cn\{0}

|(∇f)(z)u|
Hz(u, u)1/2

,

(∇f)(z)u = 〈∇f(z), u〉 =
n∑
k=1

∂f

∂zk
(z)uk, and Hz is the Bergman metric on D at

z. By fixing a base point z0 ∈ D, the Bloch space B(D) is a Banach space under
the norm ||f ||B = |f(z0)|+ βf [25]. For convenience, we assume the domain D to
contain the origin and take z0 = 0.

In [25], Timoney proved that the space H∞(D) of bounded holomorphic
functions on a bounded homogeneous domain D is a subspace of B(D) and for
each f ∈ H∞(D), ||f ||B ≤ cD ||f ||∞ where cD is a constant depending only on the
domain D. The precise value of the best bound cD has been calculated in [9] and
[29] when D is a bounded symmetric domain.

In Theorem 3.1 of [2], we showed that the Bloch functions on D are precisely
the Lipschitz maps between the metric spaces D and C under the Bergman metric
and Euclidean metric, respectively. Furthermore

βf = sup
z 6=w

|f(z)− f(w)|
ρ(z, w)

, (2.1)

where ρ is the Bergman distance. In particular, for all z, w ∈ D,

|f(z)− f(w)| ≤ ||f ||B ρ(z, w). (2.2)

In [26] the little Bloch space on the unit ball was defined as

B0(Bn) =
{
f ∈ B(Bn) : lim

||z||→1
Qf (z) = 0

}
,
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which is precisely the closure of the polynomials in B(Bn). If D is a bounded
symmetric domain in Cn other than Bn, the set of functions f for which Qf (z)→ 0
as z approaches the boundary ∂D of D consists only of the constant functions,
so B0(D) is defined as the closure of the polynomials in B(D). The ∗-little Bloch
space is defined as

B0∗(D) =
{
f ∈ B(D) : lim

z→∂∗D
Qf (z) = 0

}
,

where ∂∗D denotes the distinguished boundary of D. The unit ball is the only
bounded symmetric domain D for which ∂D = ∂∗D, so that B0(Bn) = B0∗(Bn).
If D 6= Bn, B0(D) is a proper subspace of B0∗(D) and B0∗(D) is a non-separable
subspace of B(D).

3. Weighted Composition Operators on the Bloch Space of D

The first results on weighted composition operators on the Bloch space of the unit
disk were obtained by Ohno and Zhao in 2001 [22]. For ψ an analytic function
on D, ϕ an analytic self-map of D, and z ∈ D, define sψ,ϕ = sup

z∈D
sψ,ϕ(z) and

τψ,ϕ = sup
z∈D

τψ,ϕ(z) where

sψ,ϕ(z) = (1− |z|2) |ψ′(z)| log
2

1− |ϕ(z)|2
,

τψ,ϕ(z) =
1− |z|2

1− |ϕ(z)|2
|ϕ′(z)| |ψ(z)| .

Theorem 3.1. Let ψ be an analytic function on D and ϕ an analytic self-map of
D. Then

(a) ([22], Theorems 1 and 2). Wψ,ϕ is bounded on B(D) if and only if sψ,ϕ and
τψ,ϕ are finite. Furthermore, the bounded operator Wψ,ϕ is compact on B(D)
if and only if

lim
|ϕ(z)|→1

sψ,ϕ(z) = lim
|ϕ(z)|→1

τψ,ϕ(z) = 0.

(b) ([22], Theorems 3 and 4). Wψ,ϕ is bounded on the little Bloch space B0(D) if
and only if ψ ∈ B0(D), sψ,ϕ and τψ,ϕ are finite, and

lim
|z|→1

|ψ(z)| |ϕ′(z)| (1− |z|2) = 0.

Furthermore, the bounded operator Wψ,ϕ is compact on B0(D) if and only if

lim
|z|→1

sψ,ϕ(z) = lim
|z|→1

τψ,ϕ(z) = 0.
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In [1], we established estimates on the norm of the weighted composition
operator Wψ,ϕ on B(D) in terms of τψ,ϕ and the quantity

σψ,ϕ = sup
z∈D

1
2

(1− |z|2) |ψ′(z)| log
1 + |ϕ(z)|
1− |ϕ(z)|

,

which is closely related to sψ,ϕ but is more amenable to a higher dimensional inter-
pretation since the factor 1

2 log 1+|ϕ(z)|
1−|ϕ(z)| is precisely the Bergman distance between

0 and ϕ(z).

Theorem 3.2. Let ψ be analytic on D and ϕ an analytic self-map of D. Then

(a) Wψ,ϕ is bounded on B(D) if and only if ψ ∈ B(D), and σψ,ϕ and τψ,ϕ are
finite. Furthermore,

||Wψ,ϕ|| ≥ max
{
||ψ||B ,

1
2
|ψ(0)| log

1 + |ϕ(0)|
1− |ϕ(0)|

}
(3.1)

||Wψ,ϕ|| ≤ max
{
||ψ||B ,

1
2
|ψ(0)| log

1 + |ϕ(0)|
1− |ϕ(0)|

+ τψ,ϕ + σψ,ϕ

}
. (3.2)

Furthermore, Wψ,ϕ is compact if and only if

lim
|ϕ(z)|→1

σψ,ϕ(z) = lim
|ϕ(z)|→1

τψ,ϕ(z) = 0.

(b) Wψ,ϕ is bounded on B0(D) if and only if ψ ∈ B0(D), σψ,ϕ and τψ,ϕ are finite,
and

lim
|z|→1

(1− |z|2) |ψ(z)| |ϕ′(z)| = 0.

Inequalities (3.1) and (3.2) hold. Furthermore, Wψ,ϕ is compact if and only
if

lim
|z|→1

σψ,ϕ(z) = lim
|z|→1

τψ,ϕ(z) = 0.

Proof. Assume Wψ,ϕ is bounded. Using as a test function the constant 1, we
obtain ψ ∈ B(D). Since σψ,ϕ ≤ sψ,ϕ, by Theorem 3.1, it follows that σψ,ϕ and
τψ,ϕ are finite. The estimates (3.1) and (3.2) follow from Theorems 2.1 and 2.2 of
[1]. Conversely, assume ψ ∈ B(D), and σψ,ϕ and τψ,ϕ are finite. By the calculation
carried out in [1], Wψ,ϕ maps B(D) into itself and estimates (3.1) and (3.2) hold.
Thus Wψ,ϕ is bounded. Observing that for each z ∈ D, σψ,ϕ(z) ≤ sψ,ϕ(z) and for
|ϕ(z)| ≥ 1

2 , sψ,ϕ(z) ≤ 2σψ,ϕ(z), the characterization of the compactness follows at
once from Theorem 3.1. The proof of part (b) is analogous. �

The above estimates agree with the norm estimates for the composition operators
on B(D) in [28] when ψ is taken to be the constant function 1.
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4. Weighted Composition Operators on the Bloch Space of a
Bounded Homogeneous Domain

Let D be a bounded homogeneous domain in Cn. For z ∈ D, define

ω(z) = sup {|f(z)| : f ∈ B(D), f(0) = 0 and ||f ||B ≤ 1} ,
ω0(z) = sup {|f(z)| : f ∈ B0∗(D), f(0) = 0, and ||f ||B ≤ 1} .

Lemma 4.1. Let D be a bounded homogeneous domain in Cn. For each z ∈ D,
ω(z) and ω0(z) are finite. In fact, ω0(z) ≤ ω(z) ≤ ρ(z, 0).

Proof. Let z ∈ D. The inequality ω0(z) ≤ ω(z) is obvious. For f ∈ B(D), by (2.1),
|f(z)− f(0)| ≤ ρ(z, 0)βf . By taking the supremum over all f ∈ B(D) such that
f(0) = 0 and ||f ||B ≤ 1, we have ω(z) ≤ ρ(z, 0). �

Remark 1. By Theorems 3.9 and 3.14 in [32], it follows immediately that for all
z ∈ Bn ω0(z) = ω(z) = ρ(z, 0) where

ρ(z, 0) =
1
2

log
1 + ||z||
1− ||z||

.

It is unknown whether there are other domains for which either equality holds.
The following lemma shows the relationship between point evaluation of Bloch
functions (respectively, little Bloch functions) and ω (respectively, ω0).

Lemma 4.2. Let D be a bounded homogeneous domain in Cn and let f ∈ B(D)
(respectively, f ∈ B0∗(D)). Then for all z ∈ D, we have

|f(z)| ≤ |f(0)|+ ω(z)βf ,

(respectively, |f(z)| ≤ |f(0)|+ ω0(z)βf ).

Proof. Let f ∈ B(D). The result is immediate if f is constant. For f non-constant
and z ∈ D, the function defined by

g(z) =
1
βf

(f(z)− f(0))

is Bloch and satisfies the conditions g(0) = 0 and Qg(z) = 1
βf
Qf (z) for all z ∈ D.

Thus, ||g||B = 1, so |g(z)| ≤ ω(z) for all z ∈ D. Consequently,

|f(z)| ≤ |f(0)|+ |f(z)− f(0)| = |f(0)|+ |g(z)|βf ≤ |f(0)|+ ω(z)βf .

The proof for the case f ∈ B0∗(D) is analogous. �

For z ∈ D, denote by Jϕ(z) the Jacobian matrix of ϕ at z (i.e. the ma-
trix whose (j, k)-entry is ∂ϕj

∂zk
(z)). Define the Bergman constant of ϕ by Bϕ =

supz∈D Bϕ(z), where for z ∈ D

Bϕ(z) = sup
u∈Cn\{0}

Hϕ(z)(Jϕ(z)u, Jϕ(z)u)1/2

Hz(u, u)1/2
.



8 Robert F. Allen and Flavia Colonna

In [2], the Bergman constant was used for the study of composition operators on
the Bloch space. Specifically, for f ∈ B(D),

Qf◦ϕ(z) ≤ Bϕ(z)Qf (ϕ(z)) (4.1)

for all z ∈ D. Letting

T0,ϕ(z) = sup{Qf◦ϕ(z) : f ∈ B0∗(D), βf ≤ 1},
Tϕ(z) = sup{Qf◦ϕ(z) : f ∈ B(D), βf ≤ 1},

from (4.1), it follows that

T0,ϕ(z) ≤ Tϕ(z) ≤ Bϕ(z) (4.2)

for each z ∈ D. Moreover, for each f ∈ B(D) (respectively, B0∗(D)) and z ∈ D,

Qf◦ϕ(z) ≤ Tϕ(z)βf (4.3)
(respectively, Qf◦ϕ(z) ≤ T0,ϕ(z)βf ).

For z ∈ D, by Remark 1, we have

ω(ϕ(z)) =
1
2

log
1 + |ϕ(z)|
1− |ϕ(z)|

and

T0,ϕ(z) = Tϕ(z) =
(1− |z|2) |ϕ′(z)|

1− |ϕ(z)|2
= Bϕ(z),

since the right-hand side of the above formula equals (1− |z|2)|(f ◦ ϕ)′(z)| for

f(w) =
ϕ(z)− w
1− ϕ(z)w

, w ∈ D,

which is in the little Bloch space.
For a bounded homogeneous domain D in Cn, ψ holomorphic on D, and ϕ

holomorphic self-map of D, we define

σψ,ϕ = sup
z∈D

ω(ϕ(z))Qψ(z)

τψ,ϕ = sup
z∈D

|ψ(z)|Tϕ(z)

σ0,ψ,ϕ = sup
z∈D

ω0(ϕ(z))Qψ(z)

τ0,ψ,ϕ = sup
z∈D

|ψ(z)|T0,ϕ(z).

In the case of the unit disk, σψ,ϕ = σ0,ψ,ϕ, τψ,ϕ = τ0,ψ,ϕ, and these quantities
agree with the expressions in the previous section.

Theorem 4.3. Let D be a bounded homogeneous domain in Cn and ϕ a holomorphic
self-map of D. If ψ ∈ B(D), and σψ,ϕ and τψ,ϕ are finite, then Wψ,ϕ is bounded
on B(D) and

max{||ψ||B , |ψ(0)|ω(ϕ(0))} ≤ ||Wψ,ϕ|| ≤ max{||ψ||B , |ψ(0)|ω(ϕ(0)) + τψ,ϕ + σψ,ϕ}.
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Proof. We begin by proving the upper estimate. Let f ∈ B(D). Then for z ∈ D,
by the chain rule we have

∇(ψ(f ◦ ϕ))(z) = ψ(z)∇(f ◦ ϕ)(z) + f(ϕ(z))∇(ψ)(z),

so for all u ∈ Cn \ {0},
|∇(ψ(f ◦ ϕ))(z)u| ≤ |ψ(z)| |∇(f)(ϕ(z))Jϕ(z)u|+ |f(ϕ(z))| |∇(ψ)(z)u| .

By (4.3) and Lemma 4.2, we obtain

sup
z∈D

Qψ(f◦ϕ)(z) ≤ τψ,ϕβf + |f(0)|βψ + sup
z∈D

ω(ϕ(z))Qψ(z)βf ,

which is finite. So Wψ,ϕf ∈ B(D) and again by Lemma 4.2

||Wψ,ϕf ||B ≤ |ψ(0)| |f(ϕ(0))|+ |f(0)|βψ + (τψ,ϕ + σψ,ϕ)βf
≤ |ψ(0)| (|f(0)|+ ω(ϕ(0))βf ) + |f(0)|βψ + (τψ,ϕ + σψ,ϕ)βf
= ||ψ||B ||f ||B + (ψ(0)ω(ϕ(0)) + τψ,ϕ + σψ,ϕ − ||ψ||B)βf .

If |ψ(0)|ω(ϕ(0)) + τψ,ϕ +σψ,ϕ ≤ ||ψ||B, then ||Wψ,ϕf ||B ≤ ||ψ||B ||f ||B. Otherwise,
||Wψ,ϕf ||B ≤ (|ψ(0)|ω(ϕ(0)) + τψ,ϕ + σψ,ϕ) ||f ||B . Thus, Wψ,ϕ is bounded and

||Wψ,ϕ||B ≤ max{||ψ||B , |ψ(0)|ω(ϕ(0)) + τψ,ϕ + σψ,ϕ}.
To prove the lower estimate, observe that by considering as test function

the constant function 1, we have ||Wψ,ϕ1||B = ||ψ||B, so that ||Wψ,ϕ|| ≥ ||ψ||B.
Furthermore

||Wψ,ϕ|| = sup{||Wψ,ϕf ||B : f ∈ B(D) and ||f ||B ≤ 1}
≥ sup{||Wψ,ϕf ||B : f ∈ B(D), f(0) = 0, and ||f ||B ≤ 1}
≥ sup{|ψ(0)| |f(ϕ(0))| : f ∈ B(D), f(0) = 0, and ||f ||B ≤ 1}
= |ψ(0)|ω(ϕ(0)).

Thus ||Wψ,ϕ|| ≥ max{||ψ||B , |ψ(0)|ω(ϕ(0))}. �

Theorem 4.4. Let D be a bounded homogeneous domain in Cn. If ψ ∈ B0∗(D),
σψ,ϕ and τψ,ϕ are finite, and

lim
z→∂∗D

|ψ(z)|T0,ϕ(z) = lim
z→∂∗D

ω0(ϕ(z))Qψ(z) = 0,

then Wψ,ϕ is bounded on B0∗(D) and
max{||ψ||B , |ψ(0)|ω0(ϕ(0))} ≤ ||Wψ,ϕ|| ≤ max{||ψ||B , |ψ(0)|ω0(ϕ(0)) + τψ,ϕ + σ0,ψ,ϕ}.

Proof. Arguing as in the proof of Theorem 4.3, it suffices to show that if ψ ∈
B0∗(D), σψ,ϕ and τψ,ϕ are finite, and

lim
z→∂∗D

|ψ(z)|T0,ϕ(z) = lim
z→∂∗D

ω0(ϕ(z))Qψ(z) = 0,

then Wψ,ϕ maps the ∗-little Bloch space into itself. Let f ∈ B0∗(D). Without loss
of generality, we may assume ||f ||B ≤ 1. For z ∈ D, by Lemma 4.2, we have

Qψ(f◦ϕ)(z) ≤ |ψ(z)|Qf◦ϕ(z) + |f(ϕ(z))|Qψ(z)

≤ |ψ(z)|T0,ϕ(z) + |f(0)|Qψ(z) + ω0(ϕ(z))Qψ(z),
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which approaches 0 as z → ∂∗D. Thus ψ(f ◦ ϕ) ∈ B0∗(D). �

Theorem 4.5. Let D be a bounded homogeneous domain in Cn, ψ a holomorphic
function on D, and ϕ a holomorphic self-map of D. If Wψ,ϕ is bounded on the
Bloch space of D, then ψ ∈ B(D) and σψ,ϕ is finite if and only if τψ,ϕ is finite.

Proof. First observe that ψ = Wψ,ϕ1 ∈ B(D). Let f ∈ B(D), z ∈ D and u ∈
Cn \ {0}. Then

|f(ϕ(z))| |∇(ψ)(z)u|
Hz(u, u)1/2

=
|∇(ψ(f ◦ ϕ))(z)u− ψ(z)∇(f ◦ ϕ)(z)u|

Hz(u, u)1/2

≤ |∇(ψ(f ◦ ϕ))(z)u|
Hz(u, u)1/2

+
|ψ(z)| |∇(f ◦ ϕ)(z)u|

Hz(u, u)1/2

Taking the supremum over all u ∈ Cn \ {0}, and using (4.3) we get

|f(ϕ(z))|Qψ(z) ≤ Qψ(f◦ϕ)(z) + |ψ(z)|Qf◦ϕ(z)

≤ βψ(f◦ϕ) + |ψ(z)|Tϕ(z)βf
≤ (||Wψ,ϕ||+ |ψ(z)|Tϕ(z)) ||f ||B .

Taking the supremum over all f ∈ B(D) with f(0) = 0 and ||f ||B ≤ 1, we have

ω(ϕ(z))Qψ(z) ≤ ||Wψ,ϕ||+ |ψ(z)|Tϕ(z).

Thus σψ,ϕ ≤ ||Wψ,ϕ||+ τψ,ϕ.
On the other hand, for g ∈ B(D), with g(0) = 0 and ||g||B ≤ 1, using

Lemma 4.2, we also obtain

|ψ(z)|Qg◦ϕ(z) ≤ Qψ(g◦ϕ)(z) + |g(ϕ(z))|Qψ(z)

≤ ||Wψ,ϕg||B + ω(ϕ(z))Qψ(z)

≤ ||Wψ,ϕ||+ σψ,ϕ.

More generally, for any non-constant function f ∈ B(D), with βf ≤ 1, letting
g = (f − f(0))/βf , by the previous case, we obtain

|ψ(z)|Qf◦ϕ(z) = |ψ(z)|Qg◦ϕ(z)βf ≤ ||Wψ,ϕ||+ σψ,ϕ.

Taking the supremum over all such functions f , we deduce τψ,ϕ ≤ ||Wψ,ϕ||+σψ,ϕ.
Consequently, σψ,ϕ is finite if and only if τψ,ϕ is finite. �

The proof of the following result is analogous.

Proposition 4.6. Let D be a bounded homogeneous domain in Cn, ψ a holomorphic
function on D, and ϕ a holomorphic self-map of D. If Wψ,ϕ is bounded on the
∗-little Bloch space of D, then ψ ∈ B0∗(D) and σ0,ψ,ϕ is finite if and only if τ0,ψ,ϕ
is finite.

We shall now give a sufficient condition for the compactness of Wψ,ϕ which
yields Theorem 3 of [24] in the special case when ψ is identically one. We first need
the following result.
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Lemma 4.7. Let D be a bounded homogeneous domain in Cn, ψ a holomorphic
function on D, and ϕ a holomorphic self-map of D. Then Wψ,ϕ is compact on
B(D) if and only if for each bounded sequence {fk} in B(D) converging to 0 locally
uniformly in D, ||ψ(fk ◦ ϕ)||B → 0, as k →∞.

Proof. Assume Wψ,ϕ is compact on B(D). Let {fk} be a bounded sequence in
B(D) which converges to 0 locally uniformly in D. By rescaling fk, we may assume
||fk||B ≤ 1 for all k ∈ N. We need to show that ||ψ(fk ◦ ϕ)||B → 0 as k → ∞.
Since Wψ,ϕ is compact, the sequence {ψ(fk ◦ ϕ)} has a subsequence (which for
convenience we reindex as the original sequence) which converges in the Bloch
norm to some function f ∈ B(D). We are going to show that f is identically 0
by proving that ψ(fk ◦ ϕ) → 0 locally uniformly. Fix z0 ∈ D and, without loss of
generality, assume f(z0) = 0. Then ψ(z0)fk(ϕ(z0))→ 0 as k →∞. For z ∈ D, by
(2.2), we obtain

|ψ(z)fk(ϕ(z))− f(z)| ≤ |ψ(z)fk(ϕ(z))− f(z)− (ψ(z0)fk(ϕ(z0))− f(z0))|
+ |ψ(z0)fk(ϕ(z0))|

≤ ||ψ(fk ◦ ϕ)− f ||B ρ(z, z0) + |ψ(z0)fk(ϕ(z0))| → 0

locally uniformly as k →∞, since ψ(fk ◦ϕ)− f → 0 in norm. On the other hand,
ψ(fk ◦ ϕ)→ 0 locally uniformly, so f must be identically 0.

Next, assume ||ψ(gn ◦ ϕ)||B → 0 as k → ∞ for each bounded sequence {gk}
in B(D) converging to 0 locally uniformly in D. To prove the compactness of
Wψ,ϕ, it suffices to show that if {fk} is a sequence in B(D) with ||fk||B ≤ 1 for
all k ∈ N, there exists a subsequence {fkj} such that ψ(fkj ◦ ϕ) converges in
B(D). Fix z0 ∈ D. Replacing fk with fk − fk(z0), we may assume that fk(z0) = 0
for all k ∈ N. By (2.1), |fk(z)| ≤ ρ(z, z0), for each z ∈ D. Thus, on each closed
ball centered at z0 with respect to the Bergman distance, the sequence {fk} is
uniformly bounded, and hence also on each compact subset of D. By Montel’s
theorem, some subsequence {fkj} converges locally uniformly to some function f
holomorphic on D. By Theorem 3.3 of [2], f is a Bloch function and ||f ||B ≤ 1.
Then, letting gkj

= fkj
− f , we obtain a bounded sequence in B(D) converging to

0 locally uniformly in D. Thus, by the hypothesis,
∣∣∣∣ψ(gkj ◦ ϕ)

∣∣∣∣
B → 0 as k →∞.

Therefore, ψ(fkj
◦ ϕ) converges in norm to ψ(f ◦ ϕ), completing the proof. �

Theorem 4.8. Let D be a bounded homogeneous domain in Cn, ψ a holomorphic
function on D, and ϕ a holomorphic self-map of D. Then Wψ,ϕ is compact on the
Bloch space of D if

lim
ϕ(z)→∂D

ω(ϕ(z))Qψ(z) = 0 and lim
ϕ(z)→∂D

|ψ(z)|Tϕ(z) = 0. (4.4)

Proof. Assume the conditions in (4.4) hold. By Lemma 4.7, to prove that Wψ,ϕ is
compact on B(D) it suffices to show that for any sequence {fk} in B(D) converging
to 0 locally uniformly in D such that ||fk||B ≤ 1, ||ψ(fk ◦ ϕ)||B → 0 as k → ∞.
Let {fk} be such a sequence and fix ε > 0. Then |fk(0)| < ε/(3 ||ψ||B) for all k
sufficiently large and there exists r such that for all k ∈ N, |ψ(z)|Qfk◦ϕ(z) < ε/3
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and ω(ϕ(z))Qψ(z) < ε/3, whenever ρ(ϕ(z), ∂D) ≥ r. Thus by Lemma 4.2, if
ρ(ϕ(z), ∂D) ≥ r, then

Qψ(fk◦ϕ)(z) ≤ |ψ(z)|Qfk◦ϕ(z) + |fk(ϕ(z))|Qψ(z)

<
ε

3
+ (|fk(0)|+ ω(ϕ(z)))Qψ(z) < ε.

On the other hand, since fk → 0 locally uniformly in D, |fk(ϕ(z))| → 0 and
Qfk◦ϕ → 0 uniformly on the set {z ∈ D : ρ(ϕ(z), ∂D) ≤ r}. Consequently, for all k
sufficiently large, Qψ(fk◦ϕ)(z) < ε for all z ∈ D. Furthermore, |ψ(0)fk(ϕ(0))| → 0
as k →∞, so ||ψ(fk ◦ ϕ)||B → 0, completing the proof. �

Remark 2. Even for composition operators, the necessity of the analogue to The-
orem 4.8 was established for the unit ball and polydisk [24], but not for general
bounded homogeneous domains.

We end the section with the following conjecture.

Conjecture. Let D be a bounded homogeneous domain in Cn, ψ a holomorphic
function on D, and ϕ a holomorphic self-map of D. Then Wψ,ϕ is bounded on
the Bloch space of D if and only if ψ ∈ B(D), and σψ,ϕ and τψ,ϕ are finite.
Furthermore, the bounded operator Wψ,ϕ is compact on B(D) if and only if

lim
ϕ(z)→∂D

ω(ϕ(z))Qψ(z) = lim
ϕ(z)→∂D

|ψ(z)|Tϕ(z) = 0.

In the next two sections, we prove the above conjecture when D is the unit
ball or the unit polydisk.

5. Special Case: The Unit Ball

In Theorem 3.1 of [32], the following useful formula for calculating the Bloch semi-
norm of a function f ∈ B(Bn) was given. For z ∈ Bn

Qf (z) = (1− ||z||2)1/2

||∇(f)(z)||2 −

∣∣∣∣∣∣
n∑
j=1

zj
∂f

∂zj
(z)

∣∣∣∣∣∣
2


1/2

. (5.1)

Zhou and Chen characterized the bounded and the compact weighted composition
operators on the Bloch space of the unit ball under the norm

|f(0)|+ sup
z∈Bn

(1− ||z||2) ||∇f(z)|| , (5.2)

which is equivalent to the Bloch norm on Bn [25]. The following theorem is a
special case of Corollaries 1.4 and 1.6 of [30]; their results apply to a large set of
function spaces which includes the Bloch space.
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Theorem 5.1 ([30]). Let ψ be a holomorphic function of Bn and ϕ a holomorphic
self-map of Bn. Then Wψ,ϕ is bounded on B(Bn) if and only if

sup
z∈Bn

|ψ(z)|Bϕ(z) <∞, and sup
z∈Bn

(1− ||z||2) ||∇ψ(z)|| log
2

1− ||ϕ(z)||2
<∞.

Furthermore, Wψ,ϕ is compact if and only if

lim
||ϕ(z)||→1

|ψ(z)|Bϕ(z) = 0, and

lim
||ϕ(z)||→1

(1− ||z||2) ||∇ψ(z)|| log
2

1− ||ϕ(z)||2
= 0. (5.3)

We now show that the bounded and compact weighted composition operators
can also be characterized in terms of the quantities σψ,ϕ and τψ,ϕ.

Theorem 5.2. Let ψ be a holomorphic function on Bn and ϕ a holomorphic self-
map of Bn. Then

(a) Wψ,ϕ is bounded on B(Bn) if and only if ψ ∈ B(Bn), and σψ,ϕ and τψ,ϕ are
finite.

(b) The bounded operator Wψ,ϕ is compact on B(Bn) if and only if

lim
||ϕ(z)||→1

|ψ(z)|Tϕ(z) = 0, and

lim
||ϕ(z)||→1

Qψ(z) log 1+||ϕ(z)||
1−||ϕ(z)|| = 0. (5.4)

Remark 3. At first glance it may seem evident that conditions (5.3) and (5.4) are
equivalent due to the equivalence between the norm (5.2) and the Bloch norm.
However, we have not been able to prove directly that (5.3) implies (5.4) and thus,
the proof of (5.4) under the compactness assumption does not make use of (5.3).

Proof. (a) If ψ ∈ B(Bn) and σψ,ϕ and τψ,ϕ are finite, then Wψ,ϕ is bounded by
Theorem 4.3. Conversely, assume Wψ,ϕ is bounded. Then ψ = Wψ,ϕ1 ∈ B(Bn)
and by Theorem 5.1, sup

z∈Bn

|ψ(z)|Bϕ(z) is finite. From (4.2), we deduce

τψ,ϕ = sup
z∈Bn

|ψ(z)|Tϕ(z) ≤ sup
z∈Bn

|ψ(z)|Bϕ(z) <∞.

On the other hand, using Theorem 4.5, we see that σψ,ϕ is also finite, completing
the proof of (a).

To prove (b) observe that by Theorem 4.8, if

lim
||ϕ(z)||→1

Qψ(z) log
1 + ||ϕ(z)||
1− ||ϕ(z)||

= lim
||ϕ(z)||→1

|ψ(z)|Tϕ(z) = 0,

then Wψ,ϕ is compact. Conversely, assume Wψ,ϕ is compact. Then, from Theorem
5.1 we get

lim
||ϕ(z)||→1

|ψ(z)|Tϕ(z) ≤ lim
||ϕ(z)||→1

|ψ(z)|Bϕ(z) = 0.
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Furthermore, Wψ,ϕ is bounded and so

sup
z∈Bn

Qψ(z) log
1 + ||ϕ(z)||
1− ||ϕ(z)||

<∞.

In particular,

lim
||ϕ(z)||→1

Qψ(z) = 0. (5.5)

Let {zk} be a sequence in Bn such that ||ϕ(zk)|| → 1 as k →∞. For z ∈ Bn define

fk(z) =

(
Log

2
1− 〈z, ϕ(zk)〉

)2

log
2

1− ||ϕ(zk)||2
.

Then {fk} converges to 0 locally uniformly in Bn. We are now going to show that
{fk} is bounded in B(Bn). For z ∈ Bn, set

gk(z) = Log
2

1− 〈z, ϕ(zk)〉
.

Then by (5.1) and the Cauchy-Schwarz inequality, we have

Qgk
(z) = (1− ||z||2)1/2

(
||ϕ(zk)||2 − |〈z, ϕ(zk)〉|2

)1/2

|1− 〈z, ϕ(zk)〉|

≤
√

2
(1− ||z||)1/2

(1− |〈z, ϕ(zk)〉|)1/2
(1 + |〈z, ϕ(zk)〉|)1/2 ≤ 2.

Next, observe that for z ∈ Bn

∇(fk)(z) =
2Log 2

1−〈z,ϕ(zk)〉

log 2
1−||ϕ(zk)||2

∇(gk)(z).

So for u ∈ Cn \ {0}

|∇(fk)(z)u|
Hz(u, u)1/2

≤
2
(

log 2
1−|〈z,ϕ(zk)〉| + π

2

)
log
(

2
1−||ϕ(zk)||2

) |∇(gk)(z)u|
Hz(u, u)1/2

≤
2
(

log
(

4
1−||ϕ(zk)||2

)
+ π

2

)
log 2

1−||ϕ(zk)||2
Qgk

(z) ≤ 4
(

2 +
π

2 log 2

)
.

Hence ||fk||B is bounded above by log 2 + 4
(

2 + π
2 log 2

)
. By the compactness of

Wψ,ϕ, ||ψ(fk ◦ ϕ)||B → 0 as k →∞. Moreover

∇(fk)(ϕ(zk)) =
2ϕ(zk)

1− ||ϕ(zk)||2
,



Weighted Composition Operators 15

so, for u ∈ Cn \ {0}, we have

|∇(fk)(ϕ(zk))Jϕ(zk)u| = 2 |〈Jϕ(zk)u, ϕ(zk)〉|
1− ||ϕ(zk)||2

.

Hence

||ψ(fk ◦ ϕ)||B ≥ sup
z∈Bn

Qψ(fk◦ϕ)(z) ≥ Qψ(fk◦ϕ)(zk)

≥

∣∣∣∣∣Qψ(zk)fk(ϕ(zk))− |ψ(zk)| sup
u∈Cn\{0}

|∇(fk)(ϕ(zk))Jϕ(zk)u|
Hz(u, u)1/2

∣∣∣∣∣
= |Qψ(zk) log

2
1− ||ϕ(zk)||2

− 2 |ψ(zk)|
1− ||ϕ(zk)||2

sup
u∈Cn\{0}

|〈Jϕ(zk)u, ϕ(zk)〉|
Hz(u, u)1/2

|.
We now show that

lim
k→∞

|ψ(zk)|
1− ||ϕ(zk)||2

sup
u∈Cn\{0}

|〈Jϕ(zk)u, ϕ(zk)〉|
Hz(u, u)1/2

= 0. (5.6)

Once this is proved, it will follow that

lim
k→∞

Qψ(zk) log
2

1− ||ϕ(zk)||2
= 0

since ||ψ(fk ◦ ϕ)||B → 0 as k →∞. Noting that

Qψ(zk) log
2

1− ||ϕ(zk)||2
≥ Qψ(zk) log

1
2

1 + ||ϕ(zk)||
1− ||ϕ(zk)||

= Qψ(zk) log
1 + ||ϕ(zk)||
1− ||ϕ(zk)||

−Qψ(zk) log 2

and that by (5.5), lim
k→∞

Qψ(zk) = 0, we obtain that the limit of the first term of

the above difference also goes to 0 as k →∞, and hence

lim
||ϕ(z)||→1

Qψ(z) log
1 + ||ϕ(z)||
1− ||ϕ(z)||

= 0.

Let us now proceed with the proof of (5.6). For k ∈ N and z ∈ Bn, let

hk(z) =
1− ||ϕ(zk)||2

1− 〈z, ϕ(zk)〉
.

Then hk → 0 uniformly on compact subsets of Bn, and for j = 1, . . . , n and z ∈ Bn

∂hk
∂zj

(z) =
(1− ||ϕ(zk)||2)ϕj(zk)

(1− 〈z, ϕ(zk)〉)2
.
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Thus by (5.1), we obtain

Qhk
(z) =

(1− ||z||2)1/2(1− ||ϕ(zk)||2)
|1− 〈z, ϕ(zk)〉|2

(
||ϕ(zk)||2 − |〈z, ϕ(zk)〉|2

)1/2

≤
√

2(1− ||z||2)1/2(1− ||ϕ(zk)||2)
(1− |〈z, ϕ(zk)〉|)3/2

≤
√

2(1− ||z||2)1/2(1− ||ϕ(zk)||2)
(1− ||z||)1/2(1− ||ϕ(zk)||)

≤ 4.

So hk ∈ B(Bn) and ||hk||B ≤ 5. Since Wψ,ϕ is compact, ||ψ(hk ◦ ϕ)||B → 0 as
k →∞. Moreover

||ψ(hk ◦ ϕ)||B ≥ Qψ(hk◦ϕ)(zk)

≥

∣∣∣∣∣Qψ(zk)− |ψ(zk)| sup
u∈Cn\{0}

|∇(hk)(ϕ(zk))Jϕ(zk)u|
Hz(u, u)1/2

∣∣∣∣∣
=

∣∣∣∣∣Qψ(zk)− |ψ(zk)|
1− ||ϕ(zk)||2

sup
u∈Cn\{0}

|〈Jϕ(zk)u, ϕ(zk)〉|
Hz(u, u)1/2

∣∣∣∣∣ .
Since lim

k→∞
Qψ(zk) = 0, it follows that

lim
k→∞

|ψ(zk)|
1− ||ϕ(zk)||2

sup
u∈Cn\{0}

|〈Jϕ(zk)u, ϕ(zk)〉|
Hz(u, u)1/2

= 0.

The proof is now complete. �

Next, we give an example of a bounded weighted composition operator on the
unit ball whose associated component multiplication operator is unbounded and
an example of a compact operator on Bn whose associated component operators
are both not compact.

Examples (a) Let λ ∈ ∂Bn and define the functions ψ(z) = 1
2Log(1 − 〈z, λ〉) and

ϕ(z) = 1
2 (λ − z) for z ∈ Bn. The associated multiplication operator Mψ is not

bounded on B(Bn) since ψ 6∈ H∞(Bn). On the other hand, it is straightforward
to verify that supz∈Bn

|ψ(z)|Bϕ(z) <∞ and

sup
z∈Bn

(1− ||z||2) log
1

1− ||ϕ(z)||2
<∞.

Therefore, Wψ,ϕ is bounded on B(Bn).

(b) Let ψ(z) = 1−z and ϕ(z) = 1+z
2 for z ∈ Bn. The multiplication operator Mψ is

not compact on B(Bn), since ψ is not identically zero. Moreover, the composition
operator Cϕ is not compact on B(Bn) [24], since

Hϕ(z)(Jϕ(z)u, Jϕ(z)u)
Hz(u, u)

=
1
4

(1− ||ϕ(z)||2) ||u||2 + |〈ϕ(z), u〉|2

(1− ||z||2) ||u||2 + |〈z, u〉|2
(1− ||z||2)2

(1− ||ϕ(z)||2)2
,
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which does not go to 0 if z → 1 along the real axis in the first coordinate and
u = (1, 0, . . . , 0). Observe that

lim
||ϕ(z)||→1

ψ(z) = lim
z→1

ψ(z) = 0

and Bϕ(z) is bounded above by a constant independent of ϕ, so

lim
||ϕ(z)||→1

|ψ(z)|Bϕ(z) = 0.

Moreover,

lim
||ϕ(z)||→1

(1− ||z||2) log
2

1−
∥∥ 1+z

2

∥∥2 = 0.

Therefore Wψ,ϕ is compact on B(Bn).

6. Special Case: The Unit Polydisk

Theorem 6.1. Let ψ be a holomorphic function on Dn and ϕ a holomorphic self-
map of Dn. Then Wψ,ϕ is bounded on B(Dn) if and only if ψ ∈ B(Dn), and σψ,ϕ
and τψ,ϕ are finite. Furthermore, the bounded operator Wψ,ϕ is compact on B(Dn)
if and only if

lim
ϕ(z)→∂Dn

ω(ϕ(z))Qψ(z) = lim
ϕ(z)→∂Dn

|ψ(z)|Tϕ(z) = 0. (6.1)

To prove this result, we will show that the conditions for the boundedness
and compactness of Wψ,ϕ are equivalent to the conditions proven by Zhou and
Chen in the following theorem. Their results were obtained by considering on the
Bloch space of Dn the norm

||f ||∗ = |f(0)|+ sup
z∈Dn

n∑
j=1

(1− |zj |2)
∣∣∣∣ ∂f∂zj (z)

∣∣∣∣ .
In [10], it was shown that for f ∈ B(Dn) and z ∈ Dn,

Qf (z) =
∣∣∣∣∣∣∣∣((1− |z1|2)

∂f

∂z1
(z), · · · , (1− |zn|2)

∂f

∂zn
(z)
)∣∣∣∣∣∣∣∣ .

Thus ||·||∗ is equivalent to the Bloch norm since

1
n

n∑
j=1

(1− |zj |2)
∣∣∣∣ ∂f∂zj (z)

∣∣∣∣ ≤ Qf (z) ≤
n∑
j=1

(1− |zj |2)
∣∣∣∣ ∂f∂zj (z)

∣∣∣∣ , (6.2)

for all z ∈ Dn.

Theorem 6.2 ([31], Theorems 1 and 2). Let ψ be a holomorphic function on Dn

and ϕ a holomorphic self-map of Dn. Then Wψ,ϕ is bounded on B(Dn) if and only
if

sup
z∈Dn

n∑
j,k=1

(1− |zj |2)
∣∣∣∣ ∂ψ∂zj (z)

∣∣∣∣ log
4

1− |ϕk(z)|2
<∞
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and

sup
z∈Dn

|ψ(z)|
n∑

j,k=1

∣∣∣∣∂ϕk∂zj
(z)
∣∣∣∣ 1− |zj |2

1− |ϕk(z)|2
<∞.

Furthermore, Wψ,ϕ is compact on B(Dn) if and only if Wψ,ϕ is bounded and

lim
ϕ(z)→∂Dn

n∑
j,k=1

(1− |zj |2)
∣∣∣∣ ∂ψ∂zj (z)

∣∣∣∣ log
4

1− |ϕk(z)|2
= 0

and

lim
ϕ(z)→∂Dn

|ψ(z)|
n∑

j,k=1

∣∣∣∣∂ϕk∂zj
(z)
∣∣∣∣ 1− |zj |2

1− |ϕk(z)|2
= 0.

Lemma 6.3. Let ψ be a holomorphic function on Dn and ϕ a holomorphic self-map
of Dn. Then, for z ∈ Dn, the following inequalities hold:

(a) ρ(0, z) ≤
∑n
j=1 log 4

1−|zj |2
;

(b) σψ,ϕ(z) ≤
(∑n

j=1(1− |zj |2)
∣∣∣ ∂ψ∂zj

(z)
∣∣∣)∑n

k=1 log 4
1−|ϕk(z)|2 ;

(c) Tϕ(z) ≤
∑n
j,k=1

∣∣∣∂ϕk

∂zj
(z)
∣∣∣ 1−|zj |2

1−|ϕk(z)|2 ;

(d) τψ,ϕ(z) ≤ |ψ(z)|
∑n
j,k=1

∣∣∣∂ϕk

∂zj
(z)
∣∣∣ 1−|zj |2

1−|ϕk(z)|2 ;

Proof. Let z ∈ Dn. To prove (a), observe that for u ∈ Cn,

Hz(u, u) =
n∑
j=1

|uj |2

(1− |zj |2)2

(e.g. see [25]), and recall that if γ = γ(t) (0 ≤ t ≤ 1) is the geodesic from w to z,
then

ρ(w, z) =
∫ 1

0

Hγ(t)(γ′(t), γ′(t))1/2 dt.

Since the geodesic from 0 to z ∈ Dn is parametrized by γ(t) = tz, for 0 ≤ t ≤ 1,
we obtain

ρ(0, z) =
∫ 1

0

 n∑
j=1

|zj |2

(1− |zj |2 t2)2

1/2

dt ≤
∫ 1

0

n∑
j=1

|zj |
1− |zj |2 t2

dt (6.3)

=
1
2

n∑
j=1

log
1 + |zj |
1− |zj |

,

proving (a). By the upper estimate of (6.2) and the inequality ω(ϕ(z)) ≤ ρ(0, z),
part (b) follows immediately from part (a).
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To prove (c), observe that by (1.2) of [10],

Tϕ(z) ≤ Bϕ(z) = max
||w||=1

 n∑
k=1

∣∣∣∣∣∣
n∑
j=1

∂ϕk
∂zj

(z)
(1− |zj |2)wj
1− |ϕk(z)|2

∣∣∣∣∣∣
2


1/2

≤ max
||w||=1

 n∑
k=1

 n∑
j=1

∣∣∣∣∂ϕk∂zj
(z)
∣∣∣∣ (1− |zj |2) |wj |

1− |ϕk(z)|2

2


1/2

≤
n∑

j,k=1

∣∣∣∣∂ϕk∂zj
(z)
∣∣∣∣ 1− |zj |2

1− |ϕk(z)|2
.

Part (d) is an immediate consequence of the formula τψ,ϕ(z) = |ψ(z)|Tϕ(z)
and part (c). �

Proof of Theorem 6.1. If Wψ,ϕ is bounded, then ψ = Wψ,ϕ1 ∈ B(Dn), and from
Theorem 6.2, inequality (d) of Lemma 6.3, and Theorem 4.5, it follows that σψ,ϕ
and τψ,ϕ are finite. Conversely, if ψ ∈ B(Dn), and σψ,ϕ and τψ,ϕ are finite, then
Wψ,ϕ is bounded by Theorem 4.3.

Next, assume Wψ,ϕ is compact. Then, by Theorem 6.2, and inequalities (b)
and (d) of Lemma 6.3, the conditions in (6.1) hold. Conversely, if Wψ,ϕ is bounded
and the conditions in (6.1) hold, then Wψ,ϕ is compact by Theorem 4.8. �

We conclude the section by giving an example of a bounded weighted com-
position operator on the polydisk whose corresponding component multiplication
operator is not bounded, and an example of a compact weighted composition op-
erator on Dn whose both component operators are not compact.

Examples. (a) Fix an index j ∈ {1, . . . , n} and define ψ(z) = Log 2
1−zj

and ϕ(z) =
1−zj

2 for z ∈ Dn. Since ψ 6∈ H∞(Dn), the associated multiplication operator Mψ

is unbounded on B(Dn). On the other hand

σψ,ϕ ≤ sup
z∈Dn

(1− |zj |2) log
4

1−
∣∣∣ 1−zj

2

∣∣∣2 <∞,
τψ,ϕ ≤ sup

z∈Dn

1− |zj |2

1−
∣∣∣ 1−zj

2

∣∣∣2 log
2

|1− zj |
<∞,

so that Wψ,ϕ is bounded on B(Dn).

(b) Fix an index j ∈ {1, . . . , n}, and for z ∈ Dn define ψ(z) = 1 − zj , and let
ϕ(z) be the vector with kth component 0 for k 6= j and jth component 1+zj

2 .
Clearly, the associated multiplication operator Mψ is not compact on B(Dn). The
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associated composition operator Cϕ is not compact on B(Dn) since

Bϕ(z) =
1
2

1− |zj |2

1−
∣∣∣ 1+zj

2

∣∣∣2 6→ 0

for zj → 1 [24]. Furthermore,

lim
ϕ(z)→∂Dn

σψ,ϕ(z) ≤ lim
zj→1

(1− |zj |2) log
4

1−
∣∣∣ 1+zj

2

∣∣∣2 = 0, and

lim
ϕ(z)→∂Dn

τψ,ϕ(z) ≤ 1
2

lim
zj→1

|1− zj |
1− |zj |2

1−
∣∣∣ 1+zj

2

∣∣∣2 = 0.

Hence Wψ,ϕ is compact on B(Dn).

7. Weighted composition operators from the Bloch spaces into H∞

In [16], Hosokawa, Izuchi and Ohno characterized the bounded and the compact
weighted composition operators from B(D) and B0(D) into H∞(D). We now pro-
vide a characterization of the bounded operators in the environment of a bounded
homogeneous domain and determine the operator norm. We also obtain an exten-
sion of their results when the domain is the unit ball and the unit polydisk.

Theorem 7.1. Let D be a bounded homogeneous domain, ψ a holomorphic function
on D, and ϕ a holomorphic self-map of D. Then

(a) Wψ,ϕ : B(D)→ H∞(D) is bounded if and only if ψ ∈ H∞(D) and

ηψ,ϕ := sup
z∈D
|ψ(z)|ω(ϕ(z)) <∞.

If Wψ,ϕ is bounded on B(D), then

||Wψ,ϕ|| = max{||ψ||∞ , ηψ,ϕ}. (7.1)

(b) Wψ,ϕ : B0∗(D)→ H∞(D) is bounded if and only if ψ ∈ H∞(D) and

η 0,ψ,ϕ := sup
z∈D
|ψ(z)|ω0(ϕ(z)) <∞.

If Wψ,ϕ is bounded on B0∗(D), then

||Wψ,ϕ|| = max{||ψ||∞ , η 0,ψ,ϕ}.

Proof. To prove (a), assume Wψ,ϕ is bounded on B(D). Then ψ = Wψ,ϕ1 ∈
H∞(D), ||ψ||∞ ≤ ||Wψ,ϕ||, and for each f ∈ B(D) with ||f ||B ≤ 1, and for each
z ∈ D, we have

||Wψ,ϕ|| ≥ ||ψ(f ◦ ϕ)||∞ ≥ |ψ(z)||f(ϕ(z))|.
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Taking the supremum over all such functions f such that f(0) = 0, and over all
z ∈ D, we obtain ||Wψ,ϕ|| ≥ ηψ,ϕ, proving that ηψ,ϕ <∞ and

||Wψ,ϕ|| ≥ max{||ψ||∞ , ηψ,ϕ}. (7.2)

Conversely, suppose ψ ∈ H∞(D) and ηψ,ϕ is finite. Then, by Lemma 4.2, for
each f ∈ B(D) we have

sup
z∈D
|ψ(z)||f(ϕ(z))| ≤ sup

z∈D
|ψ(z)|(|f(0)|+ ω(ϕ(z))βf )

≤ ||ψ||∞ (||f ||B − βf ) + ηψ,ϕβf

≤ max{||ψ||∞ , ηψ,ϕ} ||f ||B , (7.3)

proving the boundedness of Wψ,ϕ. From (7.2) and (7.3) we also obtain (7.1). The
proof of (b) is analogous. �

Recalling that for each z ∈ Bn,

ω0(z) = ω(z) =
1
2

log
1 + ||z||
1− ||z||

,

we deduce the following extension to the unit ball of Theorem 6.1 of [16], which
is equivalent to Theorem 1 in [19]. The evaluation of the operator norm has not
appeared before.

Corollary 7.2. Let ψ be a holomorphic function on Bn and ϕ a holomorphic self-
map of Bn. Then the following statements are equivalent:
(a) Wψ,ϕ : B(Bn)→ H∞(Bn) is bounded.
(b) Wψ,ϕ : B0(Bn)→ H∞(Bn) is bounded.
(c) ψ ∈ H∞(Bn) and

sup
z∈Bn

|ψ(z)| log
1 + ||ϕ(z)||
1− ||ϕ(z)||

<∞.

Furthermore,

||Wψ,ϕ|| = max
{
||ψ||∞ , sup

z∈Bn

1
2
|ψ(z)| log

1 + ||ϕ(z)||
1− ||ϕ(z)||

}
.

In the case where ψ is the constant function one, the condition of the finiteness of

sup
z∈Bn

log
1 + ||ϕ(z)||
1− ||ϕ(z)||

implies that ϕ(z) cannot approach the boundary, or else the logarithmic term
would tend to infinity. Thus, we have the following corollary.

Corollary 7.3. Let ϕ be a holomorphic self-map of Bn. Then the following state-
ments are equivalent:
(a) Cϕ : B(Bn)→ H∞(Bn) is bounded.
(b) Cϕ : B0(Bn)→ H∞(Bn) is bounded.
(c) ϕ(Bn) has compact closure in Bn.
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Furthermore, the operator norm of Wψ,ϕ is the maximum between 1 and the
Bergman distance of the boundary of the range of ϕ from the origin.

We now show that Theorem 6.1 of [16] can be extended to the unit polydisk.

Theorem 7.4. Let ψ be a holomorphic on Dn and ϕ a holomorphic self-map of Dn.
Then the following statements are equivalent:

(a) Wψ,ϕ : B(Dn)→ H∞(Dn) is bounded.
(b) Wψ,ϕ : B0∗(Dn)→ H∞(Dn) is bounded.
(c) ψ ∈ H∞(Dn) and

sup
z∈Dn

|ψ(z)|
n∑
j=1

log
1 + |ϕj(z)|
1− |ϕj(z)|

<∞. (7.4)

Proof. The implication (a) =⇒ (b) is obvious.
(b) =⇒ (c): It is clear that ψ ∈ H∞(Dn). Fix j = 1, . . . , n and λ ∈ Dn. For z ∈ Dn
define

h(z) = Log
4

1− zjϕj(λ)
.

Then

||h||B = 2 log 2 + sup
|zj |<1

(1− |zj |2)|ϕj(λ)|
|1− zjϕj(λ)|

≤ 2 log 2 + 2.

Furthermore,

Qh(z) ≤ (1− |zj |2)|ϕj(λ)|
1− |ϕj(λ)|

→ 0

as |zj | → 1. Thus, h ∈ B0∗(Dn). By the boundedness of Wψ,ϕ : B0∗(Dn) →
H∞(Dn), we obtain

(2 log 2 + 2) ||Wψ,ϕ|| ≥ ||ψ(h ◦ ϕ)||∞ ≥ |ψ(λ)| log
4

1− |ϕj(λ)|2

≥ |ψ(λ)| log
1 + |ϕj(λ)|
1− |ϕj(λ)|

.

Summing over all j = 1, . . . , n and taking the supremum over all λ ∈ Dn, we get
(7.4).
(c) =⇒ (a): Observe that for z ∈ Dn, by (6.3), we have

ω(ϕ(z)) ≤ ρ(0, ϕ(z)) ≤ 1
2

n∑
j=1

log
1 + |ϕj(z)|
1− |ϕj(z)|

. (7.5)

The result follows at once from Theorem 7.1(a). �

We now give a sufficient condition for compactness which can be proved as
Theorem 4.8.
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Theorem 7.5. Let D be a bounded homogeneous domain, ψ a holomorphic function
on D, and ϕ a holomorphic self-map of D. Then Wψ,ϕ : B(D) → H∞(D) is
compact if ψ ∈ H∞(D) and

lim
ϕ(z)→∂D

|ψ(z)|ω(ϕ(z)) = 0.

This sufficient condition is also necessary when D is the unit ball. Indeed,
the following result, proved by Li and Stević in [19] (Theorem 4), is the extension
to the unit ball of Theorem 6.2 of [16].

Theorem 7.6 ([19]). Let ψ be a holomorphic function on Bn and ϕ a holomorphic
self-map of Bn. Then the following statements are equivalent:
(a) Wψ,ϕ : B(Bn)→ H∞(Bn) is compact.
(b) Wψ,ϕ : B0(Bn)→ H∞(Bn) is compact.
(c) ψ ∈ H∞(Bn) and

lim
||ϕ(z)||→1

|ψ(z)| log
2

1− ||ϕ(z)||
= 0.

The following is a consequence of Corollary 7.2 and Theorem 7.6. It follows
immediately from the finiteness of

sup
z∈Bn

|ψ(z)| log
1 + ||z||
1− ||z||

,

which implies that ψ is identically zero.

Corollary 7.7. Let ψ be a holomorphic function on Bn. Then the following are
equivalent:
(a) Mψ : B(Bn)→ H∞(Bn) is bounded.
(b) Mψ : B0(Bn)→ H∞(Bn) is bounded.
(c) Mψ : B(Bn)→ H∞(Bn) is compact.
(d) Mψ : B0(Bn)→ H∞(Bn) is compact.
(e) ψ is identically zero.

We now prove the analogue of Theorem 7.6 for the polydisk.

Theorem 7.8. Let ψ be holomorphic on Dn and ϕ a holomorphic self-map of Dn.
Then the following statements are equivalent:
(a) Wψ,ϕ : B(Dn)→ H∞(Dn) is compact.
(b) Wψ,ϕ : B0∗(Dn)→ H∞(Dn) is compact.
(c) ψ ∈ H∞(Dn) and

lim
ϕ(z)→∂Dn

|ψ(z)|
n∑
j=1

log
1 + |ϕj(z)|
1− |ϕj(z)|

= 0.

Proof. The implication (a) =⇒ (b) is obvious. We now show (b) =⇒ (c). Since
Wψ,ϕ : B0∗(Dn)→ H∞(Dn) is bounded, by Theorem 7.4, ψ ∈ H∞(Dn). Suppose
there exists a sequence {z(k)} in Dn such that ϕ(z(k)) → ∂Dn as k → ∞. Then,
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there is a number j ∈ {1, . . . , n} such that |ϕj(z(k))| → 1 as k → ∞. Since (7.4)
holds, it follows that

lim
k→∞

|ψ(z(k))| = 0. (7.6)

For any such index j and for z ∈ Dn, define

fk(z) =

(
Log 4

1−zjϕj(z(k))

)2

log 4
1−|ϕj(z(k))|2

.

As shown in the proof of Theorem 5.2 for the case of the ball, the sequence {fk}
is bounded in B(Dn), converges to 0 locally uniformly in Dn and each function in
the sequence is in B0∗(Dn), since it is holomorphic on the closure of Dn. By the
compactness of Wψ,ϕ : B0∗(Dn)→ H∞(Dn), we obtain

|ψ(z(k))| log
1 +

∣∣ϕj(z(k))
∣∣

1−
∣∣ϕj(z(k))

∣∣ ≤ |ψ(z(k))fk(ϕ(z(k))| ≤ ||ψ(fk ◦ ϕ)||∞ → 0

as k →∞.
Next, assume j ∈ {1, . . . , n} is such that |ϕj(z(k))| 6→ 1 as k → ∞, so that

there exists r ∈ (0, 1) such that |ϕj(z(k))| ≤ r for all k ∈ N. Then, by (7.6) we
obtain

|ψ(z(k))| log
1 +

∣∣ϕj(z(k))
∣∣

1−
∣∣ϕj(z(k))

∣∣ ≤ log
1 + r

1− r
|ψ(z(k))| → 0

as k → ∞. Hence, combining the cases when |ϕj(z(k))| → 1 or |ϕj(z(k))| 6→ 1 as
k →∞, we deduce

lim
k→∞

|ψ(z(k))|
n∑
k=1

log
1 +

∣∣ϕj(z(k))
∣∣

1−
∣∣ϕj(z(k))

∣∣ = 0,

as desired. Lastly, (c) =⇒ (a) follows at once from (7.5) and Theorem 7.5. �

8. Further Developments

In this section, we outline other topics of interest for weighted composition oper-
ators not considered in the previous sections. This list is certainly not exhaustive.
Our intent is to point out some work that has been done in other settings and
how it would pertain to the setting of the Bloch space on a bounded homogeneous
domain.

8.1. Isometries

A characterization of the isometric weighted composition operators on the Bloch
space of the unit disk is not currently known, although the isometric multiplication
operators and the isometric composition operators have been described in Theorem
3.1 of [1], and Corollary 2 of [11] (see also [21], Theorem 1.1). These results provide
a means by which to construct isometric weighted composition operators.
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In higher dimensions, the isometric multiplication operators acting on the
Bloch space of a large class of bounded symmetric domains are precisely the con-
stant functions of modulus 1 [3]. Yet, it is not known whether nontrivial isometric
multiplication operators exist on a general bounded homogeneous domain. Con-
ditions for a composition operator on the Bloch space of a bounded homogeneous
domain to be an isometry were given in [2]. These conditions allow us to gener-
ate nontrivial examples of isometric weighted composition operators on the Bloch
space for a large class of domains that have the unit disk as a factor.

8.2. Spectrum

The spectrum of the multiplication operator is known ([1], Theorem 4.1), while
the determination of the spectrum of the composition operator on the Bloch space
of the unit disk is still an open problem. The authors determined the spectrum
of the isometric composition operators on the Bloch space of the unit disk, and
in turn, the spectrum of a large class of isometric weighted composition operators
on the Bloch space of the unit disk. The spectrum of a non-isometric weighted
composition operator has not been determined for a general class of symbols.

In higher dimensions, the spectrum of a class of isometric composition oper-
ators on the Bloch space of the unit polydisk has been determined ([2], Theorem
7.1). Since it is not known whether there are isometric multiplication operators on
the Bloch space of the polydisk Dn (for n ≥ 2) other than constant functions of
modulus one, a similar determination of the spectrum has not been made.

8.3. Essential norm

The essential norm of a bounded operator T is the distance from T to the compact
operators, i.e. ||T ||e = inf{||T −K|| : K is compact}. In [20], MacCluer and Zhao
established estimates on the essential norm of a weighted composition operator
acting on the Bloch space of the unit disk. They showed that

max
{
Aψ,ϕ,

1
6
Bψ,ϕ

}
≤ ||Wψ,ϕ||e ≤ Aψ,ϕ +Bψ,ϕ,

where

Aψ,ϕ = lim
s→1

sup
|ϕ(z)|>s

|ψ(z)| |ϕ′(z)| 1− |z|
1− |ϕ(z)|

, and

Bψ,ϕ = lim
s→1

sup
|ϕ(z)|>s

|ψ′(z)| (1− |z|2) log
1

1− |ϕ(z)|2
.

To date, no results have appeared on the essential norm of a weighted com-
position operator acting on the Bloch space of the unit ball or polydisk, let alone
a general bounded homogeneous domain.

References

[1] R. F. Allen and F. Colonna, Isometries and spectra of multiplication operators on
the Bloch space, Bull. Austral. Math. Soc. (2009), doi:10.1017/S0004972708001196.



26 Robert F. Allen and Flavia Colonna

[2] ———, On the isometric composition operators on the Bloch space in Cn, J. Math.
Anal. Appl. (2009), doi:10.1016/j.jmaa.2009.02.023.

[3] ———, Multiplication operators on the Bloch space of bounded homogeneous domains
(preprint) (http://arXiv.org/abs/0902.3473).

[4] J. M. Anderson, J. Clunie and Ch. Pommerenke, On Bloch functions and normal
functions, J. Reine Angew. Math. 279 (1974), 12–37.

[5] S. Banach, Theorie des operations lineares, Chelsea, Warsaw, (1932).

[6] L. Brown and A. L. Shields, Multipliers and cyclic vectors in the Bloch space, Michi-
gan Math. J. 38, (1991), 141 - 146.

[7] J. Cima, The basic properties of Bloch functions, Internat. J. Math. Math. Sci. 3
(1979), 369–413.

[8] J. Cima and W. Wogen, On isometries of the Bloch space, Illinois J. Math. 24 (1980),
313–316.

[9] J. M. Cohen and F. Colonna, Bounded holomorphic functions on bounded symmetric
domains, Trans. Amer. Math. Soc. 343 (1994), 135–156.

[10] ———, Isometric composition operators on the Bloch space in the polydisk, Contemp.
Math., 454 (2008), 9–21.

[11] F. Colonna, Characterisation of the isometric composition operators on the Bloch
space, Bull. Austral. Math. Soc. 72 (2005), 283–290.

[12] M. El-Gebeily and J. Wolfe, Isometries of the disk algebra, Proc. Amer. Math. Soc.
93 (1985), 697–702.

[13] F. Forelli, The isometries on Hp, Canadian J. Math 16 (1964), 721–728.

[14] K. T. Hahn, Holomorphic mappings of the hyperbolic space in the complex Euclidean
space and the Bloch theorem, Canad. J. Math 27 (1975), 446–458.

[15] S. Helgason, Differential Geometry and Symmetric Spaces, Academic Press, New
York (1962).

[16] T. Hosokawa, K. Izuchi, S. Ohno, Topological structure of the space of weighted
composition operators on H∞, Integr. Equ. Oper. Theory 53 (2005), 509–526.

[17] C. J. Kolaski, Isometries of weighted Bergman spaces, Canad. J. Math 34 (1982),
910–915.

[18] S. G. Krantz and D. Ma, On isometric isomorphisms of the Bloch space on the unit
ball of Cn, Michigan Math. J. 36 (1989), 173–180.
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