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Abstract. Let D be a bounded homogeneous domain in C". In this paper, we
study the bounded and the compact weighted composition operators mapping
the Hardy space H°°(D) into the Bloch space of D. We characterize the
bounded weighted composition operators, provide operator norm estimates,
and give sufficient conditions for compactness. We prove that these conditions
are necessary in the case of the unit ball and the polydisk. We then show that
if D is a bounded symmetric domain, the bounded multiplication operators
from H*(D) to the Bloch space of D are the operators whose symbol is
bounded.
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1. Introduction

Let X be a Banach space of holomorphic functions on a bounded domain D in
C". For ¥ a complex-valued holomorphic function on D and ¢ a holomorphic self-
map of D, we define a linear operator Wy, , on X, called the weighted composition
operator with multiplicative symbol 1 and composition symbol @, by

Wyof =t0(foyp), feX

Setting My f = f and C,f = f o ¢, we may write Wy, , = MyCy,. Then My is
called multiplication operator with symbol ¢ and C,, is called composition operator
with symbol .

The study of the weighted composition operators on the Bloch space began
with the work of Ohno and Zhao in [16] where the operators from the Bloch space
of the open unit disk DD into itself were considered. In higher dimensions, these
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operators on the Bloch space have been studied by Zhou and Chen in [22] and
[23], and by the authors in [4].

In [15], Ohno investigated the weighted composition operators between the
Bloch space of D and the Hardy space H**(ID) of bounded analytic functions on
D.

Characterizations of the boundedness and the compactness of the weighted
composition operators from the Bloch space to H* were given by Hosokawa, Izuchi
and Ohno in [12] in the one-dimensional case, and by Li and Stevié¢ in the case of
the unit ball [14]. In [4], we characterized the boundedness in the case of a general
bounded homogeneous domain in C”, determined the operator norm, and gave a
sufficient condition for compactness. We also obtained a characterization of the
compactness for the unit polydisk.

The study of the weighted composition operators from H° to the Bloch space
in several variables was carried out by Li and Stevi¢é when the ambient space is
the unit polydisk [13]. For the case of the unit ball, the study of these operators
from H® into a larger class of spaces known as the a-Bloch spaces was carried
out by Li and Stevi¢ in [14] and Zhang and Chen in [21].

In this paper, we analyze the weighted composition operators from H* into
the Bloch space on a bounded homogeneous domain in C™.

In Section 2, we give the background on the bounded homogeneous domains
in C™ and special class of such domains that have a canonical representation (up to
biholomorphic transformation) due to Cartan [5], the bounded symmetric domains.
We then review the notion of the Bloch space of a bounded homogeneous domain
[10], [18], and of a subspace we refer to as the *-little Bloch space. We also recall
the definition of little Bloch space on a bounded symmetric domain [19].

In Section 3, in the environment of a general bounded homogeneous domain,
we characterize the bounded weighted composition operators from H into the
Bloch space and into the x-little Bloch space, thereby extending the results of
Ohno [15] in the one-dimensional case, of Li and Stevié for the polydisk [13], and
of Zhang and Chen for the unit ball [21] (see also [14]). We also give estimates on
the operator norm.

In Section 4, we describe sufficient conditions for the compactness of a weighted
composition operator from H° to either the Bloch space or the *-little Bloch space
of a bounded homogeneous domain. We conjecture these conditions to be neces-
sary, and prove the necessity when the domain is the unit polydisk and the unit
ball. In the latter setting, we obtain a result equivalent to a special case of Theorem
2 in [21]. Furthermore, we show that compactness and boundedness are equivalent
when the operator maps H*(IB,,) into By(B,,), a result not observed in [21].

In Section 5, we show that the bounded multiplication operators from H°
into the Bloch space (respectively, the #-little Bloch space) of a bounded symmetric
domain are precisely those whose symbol is bounded (respectively, in the *-little
Bloch space and bounded). Furthermore, we obtain operator norm estimates in
terms of the Bergman constant of the domain. We then discuss the boundedness
of the composition operators on a bounded homogeneous domain and establish
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operator norm estimates. To our knowledge, there are no results in the literature
for the multiplication or the composition operators between these general spaces.

Finally, in Section 6, we show there are no isometries amongst the multiplica-
tion or composition operators from the Hardy space H into the Bloch space when
the domain is the unit disk. We also show that there are no isometric weighted
composition operators from the Bloch space into H° if the ambient space is the
unit polydisk. We conjecture that, likewise, there are no isometric weighted com-
position operators from H° to the Bloch space.

2. Preliminaries

Let D be a domain in C™. We denote by H(D) the set of holomorphic functions
from D into C, and by Aut(D) the set of biholomorphic maps of D. The space
H>(D) of bounded holomorphic functions on D is a Banach algebra equipped
with norm || f[| o, = sup.ep [f(2)]-

A domain D is homogeneous if Aut(D) acts transitively on D. Every homo-
geneous domain is equipped with a canonical metric invariant under the action of
Aut(D), called the Bergman metric [11]. A domain D is symmetric at z9 € D if
there exists an involution ¢ € Aut(D) for which zy is an isolated fixed point. A do-
main that is symmetric at every point is called symmetric. A bounded symmetric
domain is homogeneous and a bounded homogeneous domain that is symmetric
at one point is symmetric [11]. The unit ball

B, ={(#1,...,2,) €C": Z|zk|2 <1}
k=1

and the unit polydisk
D" ={(z1,...,2,) €C": |z| < L,k=1,...,n}

are bounded symmetric domains since they are homogeneous and symmetric at the
origin via the map z — —z. While bounded homogeneous domains in dimensions
2 and 3 are symmetric, there are examples of bounded homogeneous domains in
dimensions greater than 3 which are not symmetric [17].

In [5], Cartan showed that every bounded symmetric domain in C" is bi-
holomorphically equivalent to a finite product of irreducible bounded symmetric
domains, unique up to order. He classified the irreducible bounded symmetric do-
mains into six classes, four of which are known as the Cartan classical domains,
and the other two, each consisting of a single domain, are known as the exceptional
domains. A bounded symmetric domain written as such a product is said to be in
standard form.
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The Cartan classical domains are defined as:

Ry ={Ze€ Myu,(C):I,—ZZ" >0}, form>n>1,
Rip={ZeM,(C):Z=2"1,—2ZZ* >0}, forn>2,
Rir=1{Z2eM,(C):Z=-7Z" I, - ZZ* > 0}, for n > 5,

Ry ={z=1(z1,...,2n) €C" : A>0,]|z|| < 1}, for n > 5,
where M, ,(C) denotes the set of m x n matrices with complex entries, M, (C) =
M, (C), ZT and Z* are the transpose and the adjoint of Z, respectively, and

A=|Yz2P2+1-2 ||z||%. See [9] for a description of the exceptional domains.
The notion of Bloch function in higher dimensions was first introduced by

Hahn in [10]. In [18] and [19], Timoney studied in depth the Bloch functions on

a bounded homogeneous domain. In this paper, we conform to his definition and

notation, as follows.
Let D be a bounded homogeneous domain. For z € D and f € H(D), define

V() (2)ul
Rs(z) = sup —,
7(2) weem\{oy H(u,w)1/?
where V(f)(z) is the gradient of f at z, for u = (uq,...,un),

and H, is the Bergman metric on D at z. The Bergman metric for the unit ball
B,, is defined as

nt 1 (L=l {u0) + (u,2) (z,0)
2 (1= []2I%)2

where u,v € C",z € B, and (u,v) = Y u;T;. For the unit polydisk D", the
Bergman metric is defined as

H,(u,v) =

7

- U;V5
Hz(u75) — 3732’
P e
where u,v € C" and z € D™.

The Bloch space B(D) on a bounded homogeneous domain D is the set of all
functions f € H(D) for which

B = sup Qf(z) < oco.
zeD

Timoney proved that B(D) is a Banach space under the norm

Al = 1F (z0) + By,

where z is some fixed point in D [18]. For convenience, we shall assume throughout
that 0 € D and choose zy = 0.
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The *-little Bloch space of D is the subspace of B(D) defined as

Bu(D) = {£ € B(D)+ _tim, Qs(2) =0}

where 0*D is the distinguished boundary of D. Timoney defined the little Bloch
space of a bounded symmetric domain D to be the closure of the polynomials in
B(D). Tts elements f satisfy the condition
li =0.
z—}geD Qf (Z) 0

If D is the unit ball, then 0D = 9*D and thus By(D) = By (D). When D # B,
By (D) is a proper subspace of By, (D), and Bo.(D) is a non-separable subspace of
B(D) [19].

In [18], Timoney proved that the space H°(D) of bounded holomorphic
functions on a bounded homogeneous domain D is a subspace of B(D) and for
each f € H*(D), ||f|lg < |f(0)] + ¢]||f]|,, where ¢ is a constant depending only
on the domain D.

In [6], Cohen and the second author defined the Bloch constant of a bounded
homogeneous domain D in C" as

cp =sup{Qys(z): f € H*(D),||f|l, <1,z € D}.

The precise value of the Bloch constant was calculated for each Cartan classical
domain. In [20], Zhang determined the Bloch constant for the two exceptional
domains Ry of dimension 16 and Ry of dimension 27.

Theorem 2.1. [6],[20] If D is an irreducible bounded symmetric domain in C™, then

[ V)

if D is of type Ry,

m—+n

% if D is of type Ry,

n+
1 . .
p— VT if D is of type Ryyy,
\/% if D is of type Ry,
% ZfD = RV7
% if D= Ryr.

By Theorem 3 of [6], extended to include the exceptional domains, if D =
Dy x --- X Dy, is a bounded symmetric domain in standard form, then

= . 1
¢p = max cp, (1)

Furthermore, it was shown that there exist polynomial functions f (hence in the
little Bloch space of D) such that ||f||,, <1 and cp = Q(0).

Let D be a bounded homogeneous domain. In [2], we showed that a function
f € H(D) is Bloch if and only if there exists ¢ > 0 such that

£(2) = F(w)| < cp(z,w), for each z,w € D,
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where p is the Bergman distance on D. Furthermore, the Bloch seminorm of f is
precisely the infimum of all such constants ¢. As a consequence, we obtain that for
a Bloch function f on D,

£ (2) = f(w)| < || p(z,w), for each z,w € D. (2)

3. Boundedness

From now on, unless specified otherwise, we shall assume D is a bounded homo-
geneous domain, ¢ € H(D), and ¢ = (1, ..., @,) is a holomorphic self-map of D.
Define 6y, = sup,cp |[¥(2)|0,(z), where

9Lp<z) = SU-p{Qfocp(Z) 1 fe HOO(D)> Hf”oo < 1}'

For z € D, denote by Jy(z) the Jacobian matrix of ¢ at z, that is, the matrix

whose (j, k)-entry is %’Z(z). Furthermore, define

B - HW(Z)(JQO(Z)U, J@(Z)u>1/2
@(Z) - sup H — 1/2
ueC™\ {0} 2(u, )

The quantity B, = sup,cp B,(z) is bounded above by a constant dependent only
on D [18]. By the invariance of the Bergman metric under the action of Aut(D),
if ¢ € Aut(D), then for each z € D, u € C,

Hy(Jo(2)u, Jo(2)u) = H,(u, ).
For f € B(D) and z € D,

Qrop(2) < By(2)Qy(9(2))-
Taking the supremum over all functions f € H*>(D) with ||f||,, < 1, we obtain
0,(2) < cpBy(2) (3)
for each z € D.
Theorem 3.1. (a) The weighted composition operator Wy, , : H*(D) — B(D) is
bounded if and only if ¢ € B(D) and 0y, is finite.
(b) Wy, : H®(D) — Bo«(D) is bounded if and only if ¥ € Bo. (D), by, is finite,

and

lim [46(2)|0,(z) = 0. (4)

z—0*D

Furthermore, if Wy, is bounded as an operator into B(D) or Bo.(D), then the
norm of Wy, , satisfies the estimates

19115 < [Wy,ell < [1¥ll5 + 0y - ()
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Proof. (a) Assume first Wy, ,, is bounded. Then |[¢)|| 5 = [|[Wy ,1]| 5, thus ¢ € B(D)
and the lower estimate of (5) holds. For each f € H*(D) with ||f]|., < 1, and
each z € D, we have

V(@ (f o9)(z) =¥(2)V(fop)(2) + fp(2))V(¥)(2) (6)
so that

[¥(2)] Qrop(2) < [[Wyo fllg + Qu(2) < [[Wy,oll + [[¥l]5-
Thus, taking the supremum over all such functions f and over all z € D, we see
that 6y, is finite.

Conversely, assume ¢ € B(D) and 6y, is finite. Then for f € H>(D), with
I/ llee <1, we have
Qu(fop) (2) < [V(2)Qfop(2) + | F(0(2))1Qu (2) < Oy + By

Thus, Wy . f € B(D) and

b (f o)l < [90)f(@ON] + Oy + By < [[¥]5+ Ou,
proving the boundedness of Wy, , and the upper estimate of (5).

(b) From part (a), it suffices to show that if Wy, ., is bounded, then (4) holds and,
conversely, if 1 € Bo.(D), 0y, is finite, and (4) holds, then for each f € Bo.(D),
6(f 0 ¢) € Bou(D).

Assume Wy, , is bounded. Then ¢ = Wy, ,1 € B, (D) and, for each f €
H® (D) and each z € D, from (6) we have

[%(2)|Q o (2) < Qu(fop) (2) + Qu(2) || fl] o -

Taking the limit as z — 0*D, we obtain [¢(2)|Q o, (2) — 0. Since this holds for
each f € H*(D), we deduce (4).

Next assume ¢ € By, (D), 0y, is finite, and (4) holds. Then for each f €
H® (D) and each z € D, we have

Qurop)(2) < Qu(2)l[flloo + [1(2)|Q o (2)

< (Qu(2) + 9(2)100(2) 1l -
Taking the limit as z — 0* D, we conclude that ¥(f o ¢) € By (D). O
In the special case of D = BB, the finiteness of 6, , follows from (4) since

0*B,, = 0B,,. From this, we obtain the following characterization of the bounded
weighted composition operators from H>(B,,) into By(1By,).

Corollary 3.2. Wy, , : H*(B,) — Bo(1B,,) is bounded if and only if ¢ € By(By,)

and

[(2)] 04 (2) = 0.

im
[lz]|—1

In the case of D = D, we can improve the lower bound on the operator norm
of WTZ%SP'
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Lemma 3.3. Let ¢y € H(DD) and ¢ a holomorphic self-map of D. Then
(11D e
1—|p(2)”
Proof. Let f € H*(ID) such that ||f||., < 1. Since ¢ < ||f]|.,, for all z € D,
Qrop(2) = (1= [2[) | '(2(2))| I¢'(2)]
1— 1213 |¢’
= (1 o)) | () L)

L= ()l
(1= |21 ¢/ ()]
1—|p(2))?
(1) Iw’gz)l.
L= 1e(2)]

(7)

0,0 = sup [1(2)]
zeD

< By

Thus

0.2 < L= ERIEON
T 1))

On the other hand, fixing z € D, the function
o(z) —w
f(w) - %,
1—p(w
is an automorphism of D, and thus ||f|| = 1. Moreover,
2
(1= 2[7) ¢ (2)]
1—|o(2)[?

, which yields (7). O

w € D,

Qfop(2) =

1—1z1?) ¢’ (2)
and so 6,(z) = W

Theorem 3.4. Let Wy, , be bounded from H*(D) to B(D) or Bo(ID). Then
max{|[¢lz, 0p,0} < [[Wy ol < ([0l + Oy

Proof. By Theorem 3.1, It suffices to show that 0, , < |[[Wy ,||. Fix A € D and
for z € D, let

_ N2
1) =17 002
Then ||f|| ., =1 and f(p(X)) = 0. From (8), we obtain
Wyl 2 Wy, flls

2 jlelg(l — =) W' (2) f(p(2)) + 9(=)(f 0 9) ()]
> [P(N)]Qrop (M)

(L= M) [l ' N
1= ()’
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Taking the supremum over all A € D, we get ||[Wy o|| > 0y ,,- O

4. Compactness

The following lemma will be used to prove a sufficient condition for the compact-
ness of Wy .

Lemma 4.1. Wy, is compact from H>(D) into B(D) if and only if for ev-
ery bounded sequence {fr} in H*(D) converging to 0 locally uniformly in D,
[(fro@)llg — 0 as k — oc.

Proof. Assume Wy, is compact on B(D). Let {fx} be a bounded sequence in
H®>(D) which converges to 0 locally uniformly in D. By rescaling fi, we may
assume ||fzpl|, < 1 for all & € IN. We need to show that [|[¢(fr 0 ¢)||z — 0 as
k — oo. Since Wy, is compact, the sequence {¢(fi o ¢)} has a subsequence
(which for convienience we reindex as the original sequence) converging in the
Bloch norm to some function f € B(D). We are going to show that f is identically
0 by proving that 1 (fx o ¢) — 0 locally uniformly. Fix zg € D and, subtracting
from the elements of this sequence the value of f at zp, we may assume f(zp) = 0.
Then 9(20) fr(¢(20)) — 0 as k — oo. For z € D, using (2), we find

[V(2) fe(p(2)) = F(2)] < [¥(2) fi(0(2)) = f(2) = (¥(20) fi(e(20)) — f(20))]
+ [1(20) fx (#(20))]
<|l¥(fr o) = fll p(2, 20) + [¥(20) fir.(¢(20))] -

The right-hand side converges to 0 locally uniformly as k& — oo since 9 ( frop)—f —
0 in B(D). On the other hand, ¥(fi o ¢) — 0 locally uniformly, so f is identically
0.

Conversely, suppose that whenever {g;} is a bounded sequence in H*(D)
converging to 0 locally uniformly in D, [ (gx o ¢)||z — 0 as k — co. To prove the
compactness of Wy, ,, it suffices to show that if {f;} is a sequence in H*>*(D) with
| fxlloo < 1 for all & € IN, there exists a subsequence {fy,} such that ¥ (fx; o ¢)
converges in norm in B(D). Fix zg € D. Replacing fr by fr — fx(20), we may
assume that fi(z0) = 0 for all ¥ € IN. Since {fi} is uniformly bounded on D,
by Montel’s theorem some subsequence {fy, } converges locally uniformly to some
holomorphic function f on D such that |[f||., < 1. Then, letting gr, = fx, — f,
we obtain a bounded sequence in H* (D) converging to 0 locally uniformly in D.
By the hypothesis, H1/J(gkj o <p)| ‘B — 0 as j — oo. Therefore, ¥(fy, o ¢) converges

in norm to ¥(f o ¢), completing the proof. O
Theorem 4.2. (a) Let ¢ € B(D). Then Wy, : H®(D) — B(D) is compact if

li =0 d 1 0 =0. 9

o, Qy(z) =0, an ) 1h(2)] 0y (2) (9)

(b) Let ¢ € Bos(D). Then Wy, ,, : H*(D) — Bo«(D) is compact if
Tim Qu(x) =0, and lim ()| 6,(2) = 0. (10)
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Proof. Assume conditions (9) both hold. By Lemma 4.1, to prove that Wy ., is
compact from H*(D) into B(D) it suffices to show that for any bounded sequence
{fx} such that ||fx||,, <1 and fr — 0 locally uniformly in D, ||[{(fr o ¢)||z — 0
as k — 00. Let {fi} be such a sequence and fix € > 0. Then, there exists r > 0 such
that for all k € IN, [1(2)] Q.00 (2) < § and Qy(2) < § whenever p(p(z),0D) > r.
Thus, if p(p(z),0D) > r, then

Qu(frop) (2) S [9(2) Qo (2) + Qu(2) < e
On the other hand, since fr — 0 locally uniformly in D, |fi(¢(2))] — 0 and
Q@ frop(z) — 0 uniformly on the set {z € D : p(p(z),0D) < r}. Consequently, for
all k sufficiently large, Q(f,04)(2) < € for all z € D. Furthermore, [(0) f(¢(0))| —
0 as k — o0, so |[1(fx 0 ¥)||g — 0, completing the proof of (a).
The proof of part (b) is analogous. O

Remark 1. If D is not the unit ball, the multiplicative symbol of the weighted com-
position operators satisfying conditions (10) reduces to a constant, and hence the
compact weighted composition operators of this type have composition component
which is compact. The case when D = IB,, is discussed in Corollary 4.3.

We conjecture that under boundedness assumptions, conditions (9) and (10)
are necessary as well.

Conjecture. If D is a bounded homogeneous domain, then the bounded operator
Wy, : H®(D) — B(D) is compact if and only if

lim (Q zZ) = 0, and lim z 99 z) =0.
@(2)—8D 1/)( ) p(2)—0D |w( )| ( )
4.1. Compactness on B(1B,,)

We begin this section by extending Theorem 4 in [15] to the unit ball.

Corollary 4.3. Let ¢ be a holomorphic self-map of B, and » € H(B,,). Then the
following are equivalent:

(a) Wy, : H®(B,) — Bo(B,,) is bounded.

(b) Wy, : H*(B,,) — Bo(B,,) is compact.

(c) ¥ € By(B,,) and Hl'hml\ (2)]0,(2) = 0.

Proof. The implication (b) = (a) is obvious. The implication (a) = (¢) follows
from Corollary 3.2. Finally, (¢) = (b) follows from part (b) of Theorem 4.2. [

We now prove the above conjecture in the case of the unit ball. The following
result is equivalent to a characterization of the compactness obtained by Zhang
and Chen ([21], Theorem 2).

Theorem 4.4. Let ¢ be a holomorphic self-map of By, and ¢ € H(B,). Then
Wy, : H*(B,,) — B(B,,) is compact if and only if it is bounded,

lim Qg(2) =0, and (11)
lle(2)||—1
lim ()| 0p(2) = 0. (12)

lle(2)]|—1
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Proof. If Wy, ,, is bounded and conditions (11) and (12) hold, then ) € B(IB,,), so
by Theorem 3.2, Wy, is compact.

Conversely, suppose Wy, ., is compact. Then Wy, ., is bounded and by Theo-
rem 2 in [21], condition (11) holds, and

[¥(2)| By(2) = 0.

lim
lle(2)]]—1

Condition (12) now follows from the inequality 6,(z) < B, (z) for each z € B,,. O

4.2. Compactness on 5(D")

n [13], Li and Stevié characterized the compact weighted composition operators
from H>(DD™) into B(ID™) in the following result.

Theorem 4.5 ([13], Theorem 1.2). Let ¢ = (¢1,...,¢n) be a holomorphic self-map
of D™ and (z) a holomorphic function on D™. Then Wy, : H*(D") — B(D")
is compact if and only if the following conditions are satisfied:

(a) Wy, : H®(D™) — B(D™) is bounded;

lim (1= |z =0;
(b) o k:1( |2k]") Dor (2)] = 0;
dp; 1— |z
(@ Jm 2)| %P5 ‘ -
hon ! ,Hzl (%k 1—|p;(2)[?

We will prove the conjecture posed in the previous section in the setting of
the polydisk D". To do this, we need the following lemma.

Lemma 4.6. Let ¢ = (o1, ...,¢n) be a holomorphic self-map of D™. For z € D™,

0p; | _1—laf
22 e)

G k=1 v 1- |90j(z)‘2 .
Proof. Observe that by (1.2) of [7], for all z € D™,
()| 0 (2) < ()] By(2)

n
= v Z
e

[¥(2)[0(2) < |9(2)

, o\ 1/2
5% (1 — |2x|")wi
azk 1 — | (2)?

1/2

2
< [9(z)] max ;(H 5 ) 1—lp; (=)

dp; 1— |z
8 (Z) 2"
2 11— pj(2)]

<) Y
k,j=1
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Theorem 4.7. Let ¢ be a holomorphic self-map of D™ and ¢p € B(D™). Then
Wy, : H*(D™) — B(D") is compact if and only if
lim z)=0and lim z)| 0,(z) = 0. 13
dm - Qu) im0/ 0,(2) (13)
Proof. By Theorem 4.2, it suffices to show that if W, , is compact from H>(D")
into B(ID™), then conditions (13) hold. First, observe that by Theorem 3.3 of [7],
for z € D™,

Qu(z) = ’((1—|z1|2)§z(2)a S(1=zal?) azn >H
< zn:(l—\zkIQ) %(2) :

k=1

Since Wy, is compact, Theorem 4.5(b) implies that
Qy(z) =

() 31D"

In addition, by Lemma 4.6, we have

B 0.(2) < ) 3 | 285 |1"’“'
21990

for all z € D™. Thus, by part (c) of Theorem 4.5, we obtain
0 =0
()] 0(2)

completing the proof. O

5. Component Operators

In this section, we look at the issues of boundedness and compactness of the
multiplication and the composition operators separately.

5.1. Multiplication Operators from H° into the Bloch Space
Let us now consider the implications of Theorem 3.1 for the case when ¢ is the
identity and D is a bounded symmetric domain.
Theorem 5.1. Let D be a bounded symmetric domain in standard form and let
v € H(D). Then

(a) My : H>*(D) — B(D) is bounded if and only if ¢» € H>®(D).

(b) My : H*®(D) — Bo«(D) is bounded if and only if ¢ € By, (D) N H>®(D).
Furthermore, if My, is bounded as an operator from H* (D) into the Bloch space
or the x-little Bloch space, then

max{|[|| e [[¢]lo} < [IMyll < [¢]l5 +en[[¢]l »

where cp is the Bloch constant of D.
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Proof. Suppose first D is an irreducible domain. In [6] and [20], it was shown that
there exists a polynomial p on D and £ € 9D such that |[p||, = 1, [Vp(0)¢] = 1,
and Q,(0) =cp. If D = Dy x --- X Dy, a product of irreducible domains, then by
(1), there exists j = 1,...,k such that cp = cp,, and so there exists a polynomial
pj on Dj and §; € 9D; such that |[p;|| o =1, [V(p;)(0)§;] = 1, and Qp, (0) = cp.
Then letting p be the polynomial on D such that p(z) = p;(2;) (where z; denotes
the component of z in D;), and £ the vector whose component in D; equals &;
and whose components in each irreducible factor other than D; are 0, we obtain a
function on D with supremum norm 1 and a vector in 0D such that |V (p)(0)¢| =
1V(5;)(0)&;] = 1, p(0) = 0, and @, (0) = @y, (0) = cp.

Fix a € D and let S € Aut(D) be such that S(a) = 0. Since the Jacobian
matrix JS(a) is invertible, there exists a nonzero v € C" such that JS(a)v = £.
Composing p with S, we obtain a function g € By, (D) such that ||g||,, = 1 and
Qg4(a) = cp. In particular,

Opia = sup [¥(a)lsup{Qy(a) : [l <1} = cn ¥l

Moreover, by the boundedness of M, and the invariance of the Bergman metric
under the action of Aut(D), we obtain

V(¥g)(a)ul
Myg > Qugla)= sup ———————
|| P ||B ’ng( ) ueC”\{O} H (’LL U)1/2
L @YE0IS@
uecr\(0} Ho(JS(a)u, JS(a)u)/?
[V(p)(0)¢]
> —
> Wl P = @I@0)
= [¥(a)lep.
Taking the supremum over all a € D, we deduce ||My|| > ¢p ||¢]|, . The result
now follows at once from Theorem 3.1. d

Recalling that the Bloch seminorm of a bounded analytic function is no
greater than its supremum norm and observing from Theorem 2.1 that ¢p < 1
for any bounded symmetric domain D in standard form, and the only domains D
for which ¢p = 1 are those which contain the unit disk as a factor, we obtain the
following result.

Corollary 5.2. Let D be a bounded symmetric domain in standard form with D as
a factor and let v € H(D). If My is bounded from H* (D) into either B(D) or
B(D)ox, then

max{[[¢[ g, [[¢[loo} < [[My[l < [|9llg + 1]l
Furthermore, if 1(0) = 0, then
1lloe < 1Myl < N1llg + 1]
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We now characterize the compact multiplication operators from H* to B
when the underlying space is the ball or the polydisk.

Theorem 5.3. For D = B,, or D", the following statements are equivalent:
(a) My : H>®(D) — B(D) is compact.
(b) ¥ is identically zero.

Proof. (a) = (b): By Theorems 4.4 and 4.7, the compactness of My, implies that
i [0(2) sup{@s(2)  [1fll < 1} =0,

Since sup{Q¢(2) : ||f|lo < 1} = cp, it follows that 11%1D|¢(z)| = 0, hence v is
z—
identically 0.
(b) = (a) is obvious. O
Using Corollary 4.3, we deduce that there are no nontrivial bounded multi-

plication operators from H>(IB,,) to By(By,).

Corollary 5.4. The following statements are equivalent:
(a) My : H>®(B,,) — By(B,,) is bounded.
(b) My : H*(B,,) — By(B,,) is compact.
(¢c) v is identically zero.
We next look at the case when v is identically 1, that is, the weighted com-
position operator reduces to the composition operator from H°(D) into B(D).
5.2. Composition Operators from H>° into the Bloch Space

From (3) we deduce that for any holomorphic self-map of a bounded homogeneous
domain D, the supremum 6, of §,,(2), over all z € D, is finite. Indeed, 0, < cpB,.
Thus, Theorem 3.1 yields the following result.

Corollary 5.5. Let D be a bounded homogeneous domain and let ¢ be a holomorphic
self-map of D. Then
(a) Cyp : H®(D) — B(D) is bounded.
(b) C, : H>®(D) — By« (D) is bounded if and only if
lim 0,(z) =0.

z—0*D

Furthermore, if C,, is bounded as an operator into B(D) or By (D), then
L<|Coll <146,

Remark 2. By Corollary 4.3, all bounded composition operators from H* (D) to
Bo(ID) are compact and the corresponding symbol ¢ must satisfy the condition

W A= 12P) )
=1 11— p(2))

Besides the symbols whose range is relatively compact in D, examples of symbols

=0. (14)

satisfying (14) include the functions of the form ¢(z) = (1_2)‘Z)b7 where [\ =1
and 0 <b < 1.
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6. Isometries

6.1. Isometric multiplication operators

In [1] and [3], we proved that the only isometric multiplication operators from
the Bloch space of the unit disk or of a bounded symmetric domain that does
not have the disk as a factor to itself are those induced by constant functions of
modulus one. We now show that there are no isometric multiplication operators
from H*°(D) into the Bloch space B(ID) (and hence into the little Bloch space as
well).

Lemma 6.1. If M, : H*(D) — B(D) is an isometry, then 1(0) # 0.
Proof. Arguing by contradiction, assume (0) = 0. Since M, is an isometry,
[llg = By = |[My1]]5 = 1.
For a € D define the automorphism of D
a—z

L.(2) = T zeD.

Then, L, € H*(D) with ||L,||,, = 1. Again, since My, is an isometry, we obtain
l|¥Lal|lg = ||Lallo = 1. Noting that

2
[W(a)] = (1= al") |(¢La) (a)] < Byr, = [[WLallg =1,

taking the supremum over all a € D, it follows that ||+[|, < 1. Since By < ||9]] .,

we have 1 = By < |][|,, < 1. Thus

1= [[¢lloe = IMy(¥)ll 5 = By>- (15)
On the other hand, by the Schwarz-Pick lemma, we get

B = 25up(1 = ") (2] ¥/ (2)] < 2sup ()] (1 = [¥(:))

4
<2 max (z—2°) = — < 1,
B me[o,u( ) 3V3
which contradicts (15). O

Theorem 6.2. There are no isometric multiplication operators My, from H* (D)

to B(D).

Proof. Assume M,y is an isometry from H°°(D) into B(D). By Lemma 6.1, the
symbol 1) cannot fix the origin. Since the identity function has supremum norm
1, the function f defined by f(z) = 2¢(z) has Bloch semi-norm 1. Thus, by
Theorem 2.1 of [7], either f is a rotation or the zeros of f form an infinite sequence
{21} satisfying the condition
limsup(1 — |z)?)|f'(z1)| = 1. (16)
k—o0
If f is a rotation, then 1 is a constant of modulus 1. Observe that constants cannot
induce isometric multiplication operators since there exist functions in H*°(D)
with supremum norm 1 which fix the origin and have Bloch semi-norm strictly
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less than 1 (e.g. the function z +— 22). Thus, 1 cannot be a constant of modulus
1.
If f is not a rotation, then % has the same non-zero zeros of f and |zp| — 1
as k — oo. Since f'(z) = 2z (z) + ¥(2x) = z1¢' (21), by (16) we obtain
1= limsup(1 — [z, *) 259" (21)] = limsup(1 — |z¢]*)[¢" (2]
k—oo —00

Hence 3y, = 1. On the other hand, since ) does not fix the origin, 1 = |||z =
[¢(0)|+8y > 1, which yields a contradiction. Therefore, no isometric multiplication
operators from H* (D) into B(D) can exist. O

6.2. Isometric composition operators

In [8] and [2], it was shown that there is a large class of isometric composition
operators on the Bloch space of the disk and more generally on bounded homoge-
neous domains that have the disk as a factor. We shall now prove that there are
no isometries among the composition operators between the Hardy space H and
the Bloch space of the disk.

Lemma 6.3. If ¢ is an analytic self-map of D inducing an isometric composition
operator, then ©(0) = 0.

Proof. Assume C,, is an isometry from H°°(D) into B(ID). Then letting f be the
identity, we have

le(0) + B = llells = [I1Co fllg = Il fllc = 1. (17)
Furthermore, letting, for z € D,
1+2 1—-=2
T2 T2
we see that ||g1 ||, = [|9-|[,c = 1. Thus ||Cyg4 ||z = ||Cpg-|l5 = 1, and hence
[1+0(0)|+ By =2 =1 - ¢(0)] + B,

This, combined with (17), yields |1 + ¢(0)| = 1+|(0)] = |1 — ¢(0)], which implies
»(0) = 0. O

g+ (2) , and g_(2)

Theorem 6.4. There are no isometric composition operators from H> (D) to B(D).

Proof. Suppose C,, is an isometry from H>(D) to B(D). Consider the function
f(z) = 2% for z € D. Since C,, is an isometry, we have ||[C,f||; = ||f|lo = 1.
On the other hand, arguing as in the proof of Lemma 6.1, by Lemma 6.3 and the
Schwarz-Pick Lemma, we obtain

ICofllg = sup2(l —[2[*)[o(2)] ¢ (2)]
zeD
4

< sup2jp(z)] (1 - lo(2)%) < 375 <L

reaching a contradiction. O
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6.3. Isometric weighted composition operators from 5 to H

Let D be a bounded homogeneous domain. In [4], we characterized the bounded
weighted composition operators from from B(D) to H*°(D). In particular, for
D = D", we showed that Wy , : B(D") — H*(D") is bounded if and only if
1 € H*(D™) and

1+ p;(2)]

3 log ————~ .
sup ()] ) log | oy < 0 18)

As a consequence we obtain the following result.

Theorem 6.5. There are no isometric weighted composition operators from B(D™)
to H>(D™).

Proof. Assume W, , : B(D™) — H*°(D") is an isometry. Then

1]loe = Wy o1l =1
and, fixing j =1,...,n,
[ejlloe = Wy opillo = llPsllg =1,
where p; is the projection z — z;. Thus, there exists a sequence {z(m)} in D™ such
that ‘w(z(m))@j(z(m)ﬂ — 1 as m — oo. Since both ¢ and ¢; map D" into D, it
follows that |1/J(z(m))| — 1 and |<pj(z(m))| — 1 as m — oo0. On the other hand, by
the boundedness of Wy, (18) implies that 1(2(™)) — 0, a contradiction. O

6.4. Final remarks

By Corollary 4.3, the bounded weighted composition operators from H*(1B,,) to
By(B,,) are necessarily compact, so there exist no isometric weighted composition
operators from H*(B,,) to By(B,).

We have not been able to prove or disprove the existence of isometric weighted
composition operators from H* to the Bloch space, even in the case of the unit
disk.

We conjecture that there are no isometric weighted composition operators
from H>(D) to B(D) for any bounded homogeneous domain D.
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