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Background

1. Answer the fundamental questions with respect to
multiplication operators M, f = 1 f on the Bloch space:

Previous Results

Current Research

Future Research

(a) What symbols induce bounded operators?

(b) What are estimates on the norm of the bounded
operators?

(c) What symbols induce compact operators?
(d) What symbols induce isometric operators?

(e) What are the spectra of the bounded operators?

2. We are also building the framework on which operators with
symbol can be studied on the Bloch space on a general class
of domains in C" which include the unit ball IB,, and the
polydisk ID".
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Notation

1. D will denote a domain (open and connected) in C".

2. H(D) is the set of all holomorphic functions f : D — C.

3. H*°(D) is the space of all bounded holomorphic functions

f:D— C.

4. Aut(D) is the group of biholomorphic maps from D onto D.
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Homogeneous Domains

Background

Homogeneous
Domains

A domain D C C" is called homogeneous if Aut(D) acts

Bergman Metic transitively on D.

The Bloch Space on ID E

Do B Adomain D C (" is called symmetric if for every 2y € D,
revious Resuts - there exists an involution ¢ € Aut (D) for which zj is an
Current Research § ISOIated f|Xed pOint.

Future Research

B Cartan showed that any bounded symmetric domain can be
written as a product of irreducible bounded symmetric
domains. The irreducible domains fall into one of six classes,
four called the classical domains and two called the
exceptional domains.

B Simple examples of symmetric domains are the unit ball and
polydisk.
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Bergman Metric

Background

Homogeneous B Each bounded homogeneous domain has a canonical Mobius
N invariant metric, the Bergman metric, denoted by H. (-, -).

Bergman Metric

The Bloch Space on ID E

The Bloch Space in § B Examples

Higher Dimensions

1. On the unit ball B, :
Current Research E
Future Research § 1 1 L 2
| ity < L A=) () + (.2 o).

2 (1= I2]1%)?

2. On the unit polydisk ID":
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The Bloch Space on D

Background
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The Bloch Space on D E

The Bloch Space in
Higher Dimensions

Previous Results
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The Bloch space on the unit disk D is the set B(ID) of functions
f € H(D) such that

By = sup (1 - [2) |£'(2)| < oo,

B(ID) is a Banach space under the norm

/1l = 1/(0)] + By

The little Bloch space By(DD) is the subspace of B(ID) whose
elements satisfy

lim (1—[2%) /()] = 0.

2| =1

8124



The Bloch Space in Higher Dimensions

BH:fgd : The Bloch space on a bounded homogeneous domain D is
Domains . defined as
Bergman Metric .

The Bloch Space on ID §
s s B(D) = {f < H(D) - sup Qrl2) < OO}’
. z

Previous Results

Current Research E
Future Research § ‘Z] 1 az]
. where Q¢(2) = sup

wecn\for  H.(u, U)1/2

[ f1lg = 1/(0)] +sup Qr(2).

with norm
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The Bloch Space in Higher Dimensions

Background
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Domains

Bergman Metric

The Bloch Space on ID E

The Bloch Space in
Higher Dimensions

Previous Results

Current Research

Future Research

The Bloch space on a bounded homogeneous domain D is
defined as

B(D) = { € H(D) ssup Qs(2) < o0}

z€D

here Q7 () ‘Z] 15,
where Q((z) = sup ,
! vecn\for  H(u, U)1/2

[ f1lg = 1/(0)] +sup Qr(2).

with norm

For a bounded symmetric domain D, the closure of the polynomials
in B(D) is a subspace called the little Bloch space, denoted by
Bo(D).
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Boundedness on B(D)

Theorem (Arazy, 1982). The function v» € H(DD) induces a
bounded multiplication operator )/,;, on the Bloch space if and only

ifp € H>(ID) and

sup (1= [2]?) |/ (2) log 12

< Q.
zeD 1_"2'
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Boundedness on B(D)

Theorem (Arazy, 1982). The function v» € H(DD) induces a

bounded multiplication operator )/,;, on the Bloch space if and only
ifp € H>(ID) and

sup (1= [2]?) |/ (2) log 12

< Q.
zeD 1_"2'

Theorem (Brown & Shields, 1991). The function ¢ € H (D)
induces a bounded multiplication operator ), on the Bloch space if
and only if ¢ € H*°(ID) and

. 1
W“”Oleb&g>°
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Compactness on B(D)

Background :In their 2001 paper, Ohno and Zhao characterized the bounded and
P:V‘;‘ZET““S :  compact weighted composition operators on the Bloch space.
on B(By)

Current Research

Future Research
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Compactness on B(D)

In their 2001 paper, Ohno and Zhao characterized the bounded and
compact weighted composition operators on the Bloch space.

As a special case, they obtained the following characterization of
the compact multiplication operators.

Theorem (Ohno & Zhao, 2001). Let ) € H (D). Then the following
are equivalent:

1. M,y is compact on B;
2. M, is compact on By;

3. Y =0.
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Norm Estimates, Spectra & Isometries on B(D)

S . Theorem (A. & Colonna, 2008). Let ¢ € H (D) for which M, is
Previous Results .
on (D) . bounded on B(D). Then
on B (B,) .
o L max {[|[Y]|g, [[¥]lo} < |[Myl] < max{[|P]|g,|[¥]]o + 0oy}
) i : where | | | |
uture Researc . _|_ >

0., = Su (1— |z )| lo .

v =sup (1= 1eF) [¥'(2)log T
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Norm Estimates, Spectra & Isometries on B(D)

S © Theorem (A. & Colonna, 2008). Let b € H (D) for which M, is

: (0
Previous Results .
on (D) . bounded on B(D). Then
on B (B,) .
S L max {[|¢[|g, [[¢][o} < [[My]| < max{|[¢|[5, [[¥]l +ou}t,
Future Research : Where 1 1

: oy =sup —(1— 2|%) ' (2)] log i |Z|

zeD 2 1 — |Z|

2. o(My) = (D).

3. My is anisometry on B(ID) if and only if 9/ is a constant function of
modulus 1.
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Boundedness on B(B,,)

— The Bloch space on the ball can also be defined as the Banach
P:V‘;’S“Eg‘:s““s space of functions g € H(IB,,) for which
on B (Bn) - sup (1—|z]])) ||[Vg(2)|| < oo under the norm
Current Research f ZEIBn
Future Research § 2
|!f|!*=|f(0)|+sEuIBp(l—llzll ) IV F(2)]]-
. zZ n
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Background
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on B (D)
on B(By)
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Boundedness on B(BB,,)

The Bloch space on the ball can also be defined as the Banach
space of functions g € H(IB,,) for which

sup (1 —||z]") ||[Vg(2)|| < oo under the norm
zeB,

A1l = 1£O)] + sup (1= [|2|P) [V f(2)]] -

zeB,

Theorem (Zhu, 2004). For a function v € H(IBn) the following
conditions are equivalent:

1. My is bounded on B(B,,);
2. My is bounded on By (1B,,);

3. v € H*(IB,) and

(1= 1121%)|IV£(2)]| og - 1

= I[#]]

5 < 00
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Let DD be a bounded homogeneous domain. For z € D, define

w(z) =sup{|f(z)|: f € B(D), f(0) =0, and [| f][z < 1}
oy = sup w(z)Qy(2).

zeD

Let [ be a bounded symmetric domain. For z € D, define

wo(z) = sup{|f(2)] - f € Bo(D), f(0) =0, and ||f]|g <1}

00y = SUp wo(2)Qy(2).
z€D
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Key Quantities

Facts.

1. wo(2) <w(z) < p(0,2) forall z € D where pis the
Bergman distance function.
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Bounded Operators
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Spectrum & Compact 2. w(z) =sup |f(2)| where € is the set of extreme points of
Operators .
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Future Research
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Background § FaCtS

Previous Results

Current Research ; 1 CUO(Z) S W(Z) S p(O, Z) fOI’ a” < E D Whel‘e 10 |S the
ey Quanities : Bergman distance function.

Bounded Operators

gsgri:iza;;pm 2. w(z) =sup |f(2)| where € is the set of extreme points of
perat?rs § fEE
St b {feB(D): f(0) =0and ||f]| < 1},
3. If D = B, then wy(z) = w(z) = p(0, z) = 35 log i”j” for

all z € BB,,.
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Theorem (A. & Colonna). Let D be a bounded homogeneous
domain and ¢» € H (D).

(a) Then M, is bounded on B(D) if and only if i) € H*>(D)
and o, < 00.

(b) If D is a bounded symmetric domain, then M, is a bounded
operator from By (D) into B(D) if and only if 1p € H*(D)
and o0 < 0Q.
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Theorem (A. & Colonna). Let D be a bounded homogeneous
domain and ¢» € H (D).

(a) Then M, is bounded on B(D) if and only if i) € H*>(D)
and o, < 00.

(b) If D is a bounded symmetric domain, then M, is a bounded
operator from By (D) into B(D) if and only if 1p € H*(D)
and o0 < 0Q.

Special Case. If ¢ € H(IB,,), then the following are equivalent:
1. My is bounded on B(1B,,);

2. M, is bounded on By (1B,,);

1
3. ¥ € H*(B,) and sup log + 1l=l

Qu(z) < 0.
cem,, 1]z 7Y
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Norm Estimates

— Theorem (A. & Colonna). Let [ be a bounded homogeneous
— domainin C" and v € H(D).

Current Research :

NATE: 1. If M, is bounded on B(D), then

Bounded Operators .

Nowm Estimates max{||Y||g; |[¥]]} < [Myl] < max{|[Y||g, ||| + 0w}

Spectrum & Compact E
Operators

isometries : 2. If D is a bounded symmetric domain and M, is bounded from
Future Research ; BO(D) |nt0 B(D), then

max{||P||g, |[¥]|o ) < ([ Myl] < max{[|Y||g, [|¥]|o + 0.}
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Theorem (A. & Colonna). Let [ be a bounded homogeneous
domain in C" and ¢y € H(D).

1. If M, is bounded on B(D), then
max{ |[Y[|p ; |[¥]loe} < [|My]] < maxi[[¢]|g, [¥]le + 0w}

2. If D is a bounded symmetric domain and M, is bounded from
Bo(D) into B(D), then
max{|[¢)||5, [|[¥]l} < [[My]| < max{|[¢|[5, ||| + 00,0}

Special Case. If ¢ € H(IB,,) induces a bounded multiplication
operator on B(IB,,), then

1My || > masc]| [l [[6]] .} 1
||M¢||<max{||w||3 61100 + % sup tog 1l g - >}

B, 1|2
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Theorem (A. & Colonna). Let [ be a bounded homogeneous
(symmetric) domain in C" and assume ) € H(D) induces a
bounded multiplication operator on B(D) (By(D)). Then

o(My) = ¢¥(D).
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Theorem (A. & Colonna). Let [ be a bounded homogeneous
(symmetric) domain in C" and assume ) € H(D) induces a
bounded multiplication operator on B(D) (By(D)). Then

o(My) = ¢¥(D).

Theorem (A. & Colonna). Let [ be a bounded homogeneous
(symmetric) domain in C" and ¢ € H (D). Then M, is compact
on B(D) (By(D)) if and only if 1) = 0.
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(symmetric) domain in C" and ¢ € H (D). Then M, is compact
on B(D) (By(D)) if and only if 1) = 0.

Special Case. Let 1) € H(IB,,). Then the following are equivalent:
1. My is compact on B(1B,,);
2. My is compact on By(1B,,);
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Theorem (A. & Colonna). Let D = Dy X --- X D where each D;
is an irreducible Cartan domain other than ID and v» € H(D).
Then M, is an isometry on B(D) if and only if ¢/ is a constant
function of modulus one.

211724



Isometries

Background

Previous Results

Current Research

Key Quantities
Bounded Operators

Norm Estimates

Spectrum & Compact
Operators

Isometries

Future Research

Theorem (A. & Colonna). Let D = Dy X --- X D where each D;
is an irreducible Cartan domain other than ID and v» € H(D).
Then M, is an isometry on B(D) if and only if ¢/ is a constant
function of modulus one.

As stated previously, the isometric multiplication operators on B (D)
are known to be induced by constant functions of modulus one.
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3. If D is a bounded symmetric domain other than the ball, is
w(z) = wy(z) foreach z € D?
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Open Questions

— Let ) be a bounded homogeneous domain.

Previous Results .

Cuen Reseaeh 1. If¢p € H(D) induces a bounded multiplication operator on
Future Research E : P

e B(D), is the upper bound of || M, || sharp?

Weighted Composition E

Operators 2. If D is not conformally equivalent to the unit ball and p is the

Bergman distance on D, is w(z) = p(0, z) for each z € D?

3. If D is a bounded symmetric domain other than the ball, is
w(z) = wy(z) foreach z € D?

Conjecture. If D is a bounded homogeneous domain in C™ and
Y € H(D) is the symbol of a bounded multiplication operator on
B(D), then M, is an isometry on B(D) if and only if ¢ is a
constant function of modulus one.
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Background :Itis natural to consider weighted composition operators on the

——===——:  Bloch space of a bounded homogeneous domain.

Current Research

Future Research

Open Questions

Weighted Composition E
Operators

Stay Tuned
Flavia Colonna, 4:30 pm today!
Weighted Composition Operators on the Bloch space in C"
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