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Research Goals

© Answer the fundamental questions with respect to weighted
composition operators from H* to the Bloch space.

Wimvf = w(f © <P) = chcpf
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composition operators from H* to the Bloch space.

W¢,wf = w(f © <P) = chcpf

@ Study these spaces on a general class of bounded domains in C”
which include the unit ball B, and the unit polydisk D":

e A domain D C C”" is called homogeneous if for every z, w € D, there
exists and automorphism ¢ of D such that ¢(z) = w.

e A domain D C C" is called symmetric if for every zy € D, there exists
an involutive automorphism ¢ of D for which z is an isolated fixed
point.
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The Bloch Space

@ The Bloch space on a bounded homogeneous domain D, denoted
B(D) is the space of holomorphic function f : D — C such that
B = sup Qf(z) < oo,
zeD
where

o S 2 (2)y
flz) = sup — s
vecmqoy  Hz(u,T)1/2
and H.(-,-) is the Bergman metric associated with D at the point z.
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The Bloch Space

@ The Bloch space on a bounded homogeneous domain D, denoted
B(D) is the space of holomorphic function f : D — C such that
B = sup Qf(z) < oo,
zeD
where

o S 2 (2)y
flz) = sup — s
vecmqoy  Hz(u,T)1/2
and H.(-,-) is the Bergman metric associated with D at the point z.

e B(D) is a Banach space under the norm ||f||5 = |f(0)| + Br.

@ H>°(D) is the space of bounded holomorphic functions on D with
norm ||f||,, = sup|f(z)|.
zeD

e H>(D) is a proper subspace of B(D) since ||f||5 < 2||f]|-
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Previous Research

e Ohno studied Wy, , : H*(ID) — B(D).
@ characterization of the bounded W, .
@ characterization of the compact Wy, .

o Li and Stevi¢ studied W, , : H>*(D") — B(ID").
@ characterization of the bounded W, .
@ characterization of the compact Wy, .

o Li and Stevi¢ also studied Wy, , : H*(1B,) — B(IB,).
@ necessary conditions and sufficient conditions for bounded W, .
@ necessary conditions and sufficient conditions for compact W, .
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Let D be a bounded homogeneous domain, ¢ : D — C holomorphic, and
© = (¢1,--.,%n) a holomorphic self-map of D. Define for z € D,

0,(2) = sup {Qrop(2) : f € HX(D), ||f||,, <1}
Oy = sup [¥(2)]0,(2).
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Let D be a bounded homogeneous domain, ¢ : D — C holomorphic, and
© = (¢1,--.,%n) a holomorphic self-map of D. Define for z € D,

0,(2) = sup {Qrop(2) : f € H*(D), ||f|l.c <1}
By = sup [1(2)]0,(2).

The weighted composition operator Wy, , : H*(D) — B(D) is bounded if
and only if ) € B(D) and 6y, is finite.

This provides a complete characterization of the bounded weighted
composition operators from H*(BB,) to B(1B,).
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Operator Norm Estimates

If Wy, , : H*(D) — B(D) is bounded, then

9]l < [[Wy ol < [[ll5 + O,
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If D =D, then we have
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Oy = sup [(2)| = — o)
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Operator Norm Estimates

If Wy, , : H*(D) — B(D) is bounded, then

9]l < [[Wy ol < [[ll5 + O,

If D =D, then we have

_ (L= 12P) ()]
Oy = sup [1(2)] T

If Wy, : H*(ID) — B(ID) is bounded, then

max{[[¢[lp , Oy} < |[Wy,oll < |[llp + Oy
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Let ¢y € B(D). Then Wy, , : H*(D) — B(D) is compact if

so(z)lmao Qy(2) a0 w(z)@ao ()]0 (2)
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Compactness

Theorem
Let ¢y € B(D). Then Wy, , : H*(D) — B(D) is compact if

li =0and i 0 =0.
so(z)lmaDQw(z) a0 so(Z)IEaDW(Z)‘ o(2)

Theorem

Let ¢b be holomorphic on B, and ¢ be a holomorphic self-map of B,,.
Then the bounded operator Wy, , : H*(1B,) — B(IB,) is compact if and
only if

| A

li =0 and li 0 =0.
go(z)T@IBn Q¢(Z) an go(z)TBIBn |¢(Z)| (p(Z)

Theorem
Let ¢ be a holomorphic sel-map of D" and ¢ € B(ID"). Then
Wy, : H*(D") — B(ID") is compact if and only if

dm  QuE)=0and lm  (2)]0(2) = 0.

| A\
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Multiplication Operators

Let D be a bounded symmetric domain and let 1 be holomorphic on D.
Then
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@ My : H*(D) — B(D) is bounded if and only if 1) € H*(D).
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Multiplication Operators

Let D be a bounded symmetric domain and let ¢ be holomorphic on D.
Then

Q@ My : H*(D) — B(D) is bounded if and only if » € H*(D).

@ max{|[¢lg, cp [[¢lloc} < [IMyll < [[¢]lg + cp [|¥]lo » where cp is
the Bloch constant of D, defined by

cp =sup{Bf: f: D — C holomorphic, and f(D) C D}.
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Multiplication Operators

Let D be a bounded symmetric domain and let ¢ be holomorphic on D.
Then

Q@ My : H*(D) — B(D) is bounded if and only if » € H*(D).
© max{[[¥llz, o [|¥llo} < [[Myll < [I¥[lg + e |[¢]l , where cp is
the Bloch constant of D, defined by
cp =sup{B¢: f: D — C holomorphic, and f(D) C D}.

@ If D has the unit disk D as a factor, then
max{|[¥]|5 s [[¥]lo} < Myl < [[Yl]g + (1] -

Q If D=1, or D", then My, is compact if and only if ¢ = 0.

@ If D =D, then My, is not an isometry from H>*(ID) to B(D).
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Composition Operators

Let D be a bounded homogeneous domain and let ¢ be a holomorphic
self-map of D. Then
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Composition Operators

Let D be a bounded homogeneous domain and let ¢ be a holomorphic
self-map of D. Then

Q@ C,: H*(D) — B(D) is bounded.

@ 1<l <1+,
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Composition Operators

Let D be a bounded homogeneous domain and let ¢ be a holomorphic
self-map of D. Then

Q@ C,: H*(D) — B(D) is bounded.
@ 1< Gl <1+0,.

@ If D =D, then C, is not an isometry from H>*(D) to B(D).
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Further Directions

@ Complete the characterization of compactness of
Wy, - H*(D) — B(D) for a bounded homogeneous domain D.

e Find an isometric Wy, , : H*°(ID) — B(ID), or prove none exist.

o Determine if isometric Wy, , : H*°(D) — B(D) exist for other
bounded domains D.
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