Classical and Modern Operator Theory

Robert F. Allen (UWL)

on the Bloch Space

Robert F. Allen

Department of Mathematics
University of Wisconsin—La Crosse
allen.rob3@uwlax.edu

September 25, 2009

Operators on the Bloch Space

September 25, 2009

1/

39



Introduction

Robert F. Allen Operators on the Bloch Space



A Motivating Example from Linear Algebra

Let A be an n x n matrix with real entries. We define the operator
Lp:R" — R" by
La(u) = Au, ueR"
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A Motivating Example from Linear Algebra

Let A be an n x n matrix with real entries. We define the operator
Lp:R" — R" by

La(u) = Au, ueR"
The one-parameter family of operators {La : A € M,(R)} is called an
operator with symbol, specifically a left-multiplication operator with
symbol A.
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A Motivating Example from Linear Algebra

Let A be an n x n matrix with real entries. We define the operator
Lp:R" — R" by

La(u) = Au, ueR"
The one-parameter family of operators {La : A € M,(R)} is called an

operator with symbol, specifically a left-multiplication operator with
symbol A.

e 2 @ The study of operators with symbols is called
Function-Theoretic Operator Theory.

@ The goal is to link properties of the symbol with
properties of the operator.

@ The perfect marriage of (complex) Function Theory and
Operator Theory.
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Operators with Symbols

Let X be a Banach space of holomorphic functions on a domain D. For
¥ :D — C and ¢ : D — D holomorphic,
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Operators with Symbols

Let X be a Banach space of holomorphic functions on a domain D. For
¥ :D — C and ¢ : D — D holomorphic,

@ Multiplication Operator
Myf = f.
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Operators with Symbols

Let X be a Banach space of holomorphic functions on a domain D. For
¥ :D — C and ¢ : D — D holomorphic,

@ Multiplication Operator
Myf = f.

@ Composition Operator
C,f =foo.
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Operators with Symbols

Let X be a Banach space of holomorphic functions on a domain D. For
¥ :D — C and ¢ : D — D holomorphic,

@ Multiplication Operator
Myf = f.

@ Composition Operator
C,f =foo.

@ Weighted Composition Operator

Wy of =(f o)
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Operators with Symbols

Let X be a Banach space of holomorphic functions on a domain D. For
¥ :D — C and ¢ : D — D holomorphic,

@ Multiplication Operator
Myf = f.

@ Composition Operator
C,f =foo.

@ Weighted Composition Operator

Wy of =(f o )
— MyC,f.
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Operator Theory in Several Complex Variables

@ In one variable, the open unit disk D is the most common choice for a
domain when studying the function theory of spaces of analytic
functions and operators on such spaces.
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Operator Theory in Several Complex Variables

@ In one variable, the open unit disk D is the most common choice for a
domain when studying the function theory of spaces of analytic
functions and operators on such spaces.

@ Two common generalizations of ID in higher dimensions are:
@ The Unit Ball

IBn: (Zl,...,Zn)ECn:Z|Zj|2<1
j:l

© The Unit Polydisk

D"={(z1,...,z2) €C":|z| < 1,j=1,...,n}.
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Operator Theory in Several Complex Variables

@ In one variable, the open unit disk D is the most common choice for a
domain when studying the function theory of spaces of analytic
functions and operators on such spaces.

@ Two common generalizations of ID in higher dimensions are:
@ The Unit Ball

n

IBn: (Zl,...,Zn)ECn:Z|Zj|2<1

j=1
© The Unit Polydisk

D"={(z1,...,z2) €C":|z| < 1,j=1,...,n}.

@ Typically, a researcher will choose one of these two domains on which
to study operator theory.

September 25, 2009 5/39

Robert F. Allen (UWL) Operators on the Bloch Space



Unified Operator Theory

Definition

A domain D in C" is called homogeneous if for every z and w in D there
exists an automorphism (biholomorphic self-map of D) ¢ of D such that

o(z) = w.
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Unified Operator Theory

Definition

A domain D in C" is called homogeneous if for every z and w in D there
exists an automorphism (biholomorphic self-map of D) ¢ of D such that

o(z) = w.

@ The unit ball and unit polydisk are examples of homogeneous
domains.
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Unified Operator Theory

Definition

A domain D in C" is called homogeneous if for every z and w in D there
exists an automorphism (biholomorphic self-map of D) ¢ of D such that

o(z) = w.

@ The unit ball and unit polydisk are examples of homogeneous
domains.

@ So by studying spaces of holomorphic functions on bounded
homogeneous domains, we bring together the study of spaces on the
unit ball and unit polydisk.
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Unified Operator Theory

Definition

A domain D in C" is called homogeneous if for every z and w in D there
exists an automorphism (biholomorphic self-map of D) ¢ of D such that

o(z) = w.

@ The unit ball and unit polydisk are examples of homogeneous
domains.

@ So by studying spaces of holomorphic functions on bounded
homogeneous domains, we bring together the study of spaces on the
unit ball and unit polydisk.

@ Each bounded homogeneous domain is endowed with a metric known
as the Bergman metric, which is invariant under automorphisms.

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009 6 /39



Unified Operator Theory

Definition

A domain D C C" is called symmetric at zg € D if there exists an
automorphism ¢ of D such that ¢ o ¢ is the identity map on D and z is
an isolated fixed point of . The domain D is called symmetric if it is
symmetric at each z € D.
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Unified Operator Theory

Definition

A domain D C C" is called symmetric at zg € D if there exists an
automorphism ¢ of D such that ¢ o ¢ is the identity map on D and z is
an isolated fixed point of . The domain D is called symmetric if it is
symmetric at each z € D.

@ Every symmetric domain is homogeneous, and every homogeneous
domain that is symmetric at a point is symmetric.
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Unified Operator Theory

Definition

A domain D C C" is called symmetric at zg € D if there exists an
automorphism ¢ of D such that ¢ o ¢ is the identity map on D and z is
an isolated fixed point of . The domain D is called symmetric if it is
symmetric at each z € D.

@ Every symmetric domain is homogeneous, and every homogeneous
domain that is symmetric at a point is symmetric.

@ The unit ball and unit polydisk are symmetric domains.
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Unified Operator Theory

Definition

A domain D C C" is called symmetric at zg € D if there exists an
automorphism ¢ of D such that ¢ o ¢ is the identity map on D and z is
an isolated fixed point of . The domain D is called symmetric if it is
symmetric at each z € D.

@ Every symmetric domain is homogeneous, and every homogeneous
domain that is symmetric at a point is symmetric.

@ The unit ball and unit polydisk are symmetric domains.

@ Every symmetric domain can be written as a product of irreducible
symmetric domains.
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Definitions and Notations

@ D will denote a bounded homogeneous domain in C”, unless
otherwise specified.
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Definitions and Notations

@ D will denote a bounded homogeneous domain in C”, unless
otherwise specified.

@ H(D) denotes the space of holomorphic functions f : D — C.
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Definitions and Notations

@ D will denote a bounded homogeneous domain in C”, unless
otherwise specified.

@ H(D) denotes the space of holomorphic functions f : D — C.

@ Aut(D) denotes the automorphism group on D.
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Definitions and Notations

@ D will denote a bounded homogeneous domain in C”, unless
otherwise specified.

@ H(D) denotes the space of holomorphic functions f : D — C.
@ Aut(D) denotes the automorphism group on D.

@ 0D denotes the boundary of D.

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009



Definitions and Notations

@ D will denote a bounded homogeneous domain in C”, unless
otherwise specified.

(]

H(D) denotes the space of holomorphic functions f : D — C.

(]

Aut(D) denotes the automorphism group on D.

@ 0D denotes the boundary of D.

[

H>°(D) denotes the Banach space of bounded holomorphic functions
on domain D under the infinity norm ||f|| = sup |f(2)].
zeD
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Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.
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Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.

@ p is the Bergman distance function induced by the Bergman metric.
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Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.

@ p is the Bergman distance function induced by the Bergman metric.

@ For ¢ a holomorphic self-map of D:

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009 9 /39



Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.

@ p is the Bergman distance function induced by the Bergman metric.

@ For ¢ a holomorphic self-map of D:
o Jy(z) is the Jacobian matrix of ¢ at z € D.
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Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.

@ p is the Bergman distance function induced by the Bergman metric.

@ For ¢ a holomorphic self-map of D:
o Jy(z) is the Jacobian matrix of ¢ at z € D.

B - Hy 2y (Jo(2)u, J(p(z)u)l/2
o B,(z)= sup (0 T2
ueCm\ {0} (u,T)
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Definitions and Notations

@ H,(u,V) denotes the Bergman metric (on D) at z € D between
u,veC.

@ p is the Bergman distance function induced by the Bergman metric.

@ For ¢ a holomorphic self-map of D:
o Jy(z) is the Jacobian matrix of ¢ at z € D.

B - Hy 2y (Jo(2)u, J(p(z)u)l/2
o B,(z)= sup (0 T2
ueCm\ {0} (u,T)

o B, =sup B,(z).
zeD
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Definitions and Notations

Let X and Y be complex Banach spaces.
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Definitions and Notations

Let X and Y be complex Banach spaces.

@ An operator T : X — Y is bounded if there exists M > 0 such that
|| Tx|| < M ||x]| for all x € X.
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Definitions and Notations

Let X and Y be complex Banach spaces.

@ An operator T : X — Y is bounded if there exists M > 0 such that
|| Tx|| < M ||x]| for all x € X.

@ Thenormof T: X — Y is ||T|| = sup || Tx||.

[Ix[[=1
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Definitions and Notations

Let X and Y be complex Banach spaces.

@ An operator T : X — Y is bounded if there exists M > 0 such that
|| Tx|| < M ||x]| for all x € X.

@ Thenormof T: X — Y is ||T|| = sup || Tx||.

[Ix[[=1

@ An operator T : X — Y is compact if the image of any bounded
sequence in X under T has compact closure in Y.
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Definitions and Notations

Let X and Y be complex Banach spaces.
@ An operator T : X — Y is bounded if there exists M > 0 such that
|| Tx|| < M ||x]| for all x € X.

@ Thenormof T: X — Y is ||T|| = sup || Tx||.

[Ix[[=1

@ An operator T : X — Y is compact if the image of any bounded
sequence in X under T has compact closure in Y.

@ An operator T : X — Y is an isometry if || Tx|| = ||x|| for all x € X.
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Definitions and Notations

Let X and Y be complex Banach spaces.

@ An operator T : X — Y is bounded if there exists M > 0 such that
|| Tx|| < M ||x]| for all x € X.

@ Thenormof T: X — Y is ||T|| = sup || Tx||.

[Ix[[=1

@ An operator T : X — Y is compact if the image of any bounded
sequence in X under T has compact closure in Y.

@ An operator T : X — Y is an isometry if || Tx|| = ||x|| for all x € X.
@ The spectrumof T: X — X is
o(T)={Ae€ C: T — Al is not invertible},

where [ is the identity operator on X.
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The Bloch Space
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Bloch Space on the Unit Disk

Definition
A function f € H(D) is called Bloch if

Br :=sup (1 — |z|2) ‘f’(z)‘ < 00.
zeD

The Bloch space on D, denoted by B(ID), is a Banach space under the
norm

|11l = [F(0)] + Br.
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Bloch Space on the Unit Disk

Definition
A function f € H(D) is called Bloch if

Br :=sup (1 — |z|2) ‘f’(z)‘ < 00.
zeD

The Bloch space on D, denoted by B(ID), is a Banach space under the
norm

|11l = [F(0)] + Br.

Examples of Bloch Functions
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Bloch Space on the Unit Disk

Definition
A function f € H(D) is called Bloch if

Br :=sup (1 — |z|2) ‘f’(z)‘ < 00.
zeD

The Bloch space on D, denoted by B(ID), is a Banach space under the
norm

|11l = [F(0)] + Br.

Examples of Bloch Functions

@ Polynomials.
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Bloch Space on the Unit Disk

Definition
A function f € H(D) is called Bloch if

Br :=sup (1 — |z|2) ‘f’(z)‘ < 00.
zeD

The Bloch space on D, denoted by B(ID), is a Banach space under the
norm

|11l = [F(0)] + Br.

Examples of Bloch Functions
@ Polynomials.

@ Bounded analytic functions.
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Bloch Space on the Unit Disk

Definition
A function f € H(D) is called Bloch if

Br :=sup (1 — |z|2) ‘f’(z)‘ < 00.
zeD

The Bloch space on D, denoted by B(ID), is a Banach space under the
norm

|11l = [F(0)] + Br.

Examples of Bloch Functions
@ Polynomials.

@ Bounded analytic functions.
1

o Log +Z.
1—-2z
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Bloch Space on a Bounded Homogeneous Domain

Definition
A function f € H(D) is called Bloch if

Br = sup Qr(z) < oo,
zeD

where V(1) (2)u
z)u
Qr(z) = sup —
ween\joy Hz(u, 7)*/?
The Bloch space on D, denoted by B(D), is a Banach space under the
norm

|11l = [F(0)] + Br.
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Bloch Space on a Bounded Homogeneous Domain

Definition
A function f € H(D) is called Bloch if

Br = sup Qr(z) < oo,
zeD

where V(A2
z)u
Qr(z) = sup ————2.

f( ) ueCr\{0} Hz(uv U)1/2

The Bloch space on D, denoted by B(D), is a Banach space under the
norm

|11l = [F(0)] + Br.

Polynomials and bounded holomorphic functions are Bloch.
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Multiplication Operators on B
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Previous Research on B(D)

Theorem (Arazy, 82)
For ¢y € H(ID), My, is bounded if and only if 1) € H*(D) and

1 2 / 1-|—|z|
sup =(1 — |z z)| lo
2652( %) |¢/(2)] e

< o0
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Previous Research on B(D)

Theorem (Arazy, 82)
For ¢y € H(ID), My, is bounded if and only if 1) € H*(D) and

1 2 / 1-|—|z|
sup =(1 — |z z)| lo
2652( %) |¢/(2)] e

< o0

Theorem (Brown and Shields, 91)

For ¢p € H(ID), My, is bounded on B(D)if and only if yp € H*(ID) and

"(2)| = 1
(2) O((l—!z!)logﬁ)'
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Previous Research on B(D)

Theorem (Arazy, 82)
For ¢y € H(ID), My, is bounded if and only if 1) € H*(D) and

1 2 / 1-|—|z|
sup =(1 — |z z)| lo
2652( %) |¢/(2)] e

< o0

Theorem (Brown and Shields, 91)

For ¢p € H(ID), My, is bounded on B(D)if and only if yp € H*(ID) and
1
[¢'(2)] = O :
(1 —1zl)log %M

Theorem (Ohno and Zhao, 01)

For ¢p € H(D), My, is compact if and only if 1 = 0.
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Previous Research on B(BB,)

Considering the Bloch space under the norm

11l = 1F(0)] + sup (1 - 1) IV (F)()]]

Zhu characterized the bounded multiplication operators on B(IB,).

Theorem (Zhu, 04)

For ¢ € H(IB,), My, is bounded on B(1B,,) if and only if ) € H*(1B,) and
1
sup (1 — [|z||*) ||V (£)(2)]| log ETET

zeB,
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Research Goals

@ Extend what is known about My, on B(DD) to include:
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Research Goals

@ Extend what is known about My, on B(DD) to include:
@ operator norm estimates.
o determination of the spectrum.
@ characterization of the isometries.
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Research Goals

@ Extend what is known about My, on B(DD) to include:

@ operator norm estimates.
o determination of the spectrum.
o characterization of the isometries.

© Determine how to generalize these notions to higher dimensions.
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Research Goals

@ Extend what is known about My, on B(DD) to include:

@ operator norm estimates.
o determination of the spectrum.
o characterization of the isometries.

© Determine how to generalize these notions to higher dimensions.

© Develop a unified operator theory for My, in higher dimensions.
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Research Goals

@ Extend what is known about My, on B(DD) to include:

@ operator norm estimates.
o determination of the spectrum.
o characterization of the isometries.

© Determine how to generalize these notions to higher dimensions.

© Develop a unified operator theory for My, in higher dimensions.
o Characterize boundedness.

Determine operator norm estimates.

Determine the spectrum.

Characterize compactness.

Characterize the isometries.

©

¢ ¢ ©
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Multiplication Operators on B(D)

Suppose 1) is the symbol of a bounded multiplication operator My,. Then

max{|[¢[lp  [[¢]loc} < [[Myl] < max{|[¢bllp , l[9]lo + o}

where
1+ |z

1—|z|’

1
oy = sup 5(1 = |2))[¢/(2)] log
zeD
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Multiplication Operators on B(D)

Suppose 1) is the symbol of a bounded multiplication operator My,. Then

max{|[¢[lp  [[¢]loc} < [[Myl] < max{|[¢bllp , l[9]lo + o}

where

1 ) / 1+‘Z’
oy =sup =(1— |z z)| lo .
Y 2652( 2%) |4 (2)] Ep—p

Let 1) be the symbol of a bounded multiplication operator M,,. Then
a(My) = (D).

Robert F. Allen (UWL)

Operators on the Bloch Space
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Multiplication Operators on B(D)

Theorem
Suppose 1) is the symbol of a bounded multiplication operator My,. Then

max{|[¢[lp  [[¢]loc} < [[Myl] < max{|[¢bllp , l[9]lo + o}

where . 1+ I2]
+ |z

oy = sup 5(1 — |z) [v/(2)]| log =1

zE]D2

1-lz|

Theorem

| A\

Let 1) be the symbol of a bounded multiplication operator M,,. Then
a(My) = (D).

Theorem

| A\

The multiplication operator My, is an isometry if and only if v is a
constant function of modulus 1.
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Generalizing to Higher Dimensions

Theorem (Zhu, 01)
For z € B,

1,1
p(0,2) = §|og1+ 2]

= Izl

= sup{|f(2)[ : f € B(B,),f(0) =0, and [|f[|z <1}
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Generalizing to Higher Dimensions

Theorem (Zhu, 01)
For z € B,

11
p(0,2) = §|og1+ Rl

= Izl

= sup{|f(2)[ : f € B(B,),f(0) =0, and [|f[|z <1}

Definition

Let D be a bounded homogeneous domain. For z € D, let

w(z) =sup{|f(z)| : f € B(D),f(0) =0, and ||f|| < 1},
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Unified Theory for Multiplication Operators

Definition

For ¢» € H(D) and z € D, let o (z) = w(z)Qy(z) and
oy = sup{oy(z) : z € D}.
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Unified Theory for Multiplication Operators

Definition

For ¢» € H(D) and z € D, let o (z) = w(z)Qy(z) and
oy = sup{oy(z) : z € D}.

If € H(D), then My, is bounded on B(D) if and only if 1 € H*(D) and
oy < 0.
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Unified Theory for Multiplication Operators

Definition

For ¢» € H(D) and z € D, let o (z) = w(z)Qy(z) and
oy = sup{oy(z) : z € D}.

If € H(D), then My, is bounded on B(D) if and only if 1 € H*(D) and
oy < 0.

Let ¢p € H(D). If My, is bounded on B(D), then

max{||¢[|p , [[%]loc} < [IMy]| < max{[h]ly , |[¥]lo + 0y -
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Unified Theory for Multiplication Operators

Let ¢y € H(D) such that My, is bounded on B(D). Then o(M,) = (D).

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009 21 /39



Unified Theory for Multiplication Operators

Let ¢y € H(D) such that My, is bounded on B(D). Then o(M,) = (D).

Let ¢p € H(D). Then My, is compact on B(D) if and only if 1 is
identically zero.
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Unified Theory for Multiplication Operators

Let D = Dy x --- x Dy be a bounded symmetric domain with D; # I for
all je{1,...,k}, and+ € H(D). Then My, is an isometry on B(D) if and
only if 1 is a constant function of modulus one.
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Unified Theory for Multiplication Operators

Let D = Dy x --- x Dy be a bounded symmetric domain with D; # I for
all je{1,...,k}, and+ € H(D). Then My, is an isometry on B(D) if and
only if 1 is a constant function of modulus one.

Let vp € H(D"). Then My, is an isometry on B(ID") if and only if 1 is a
constant function of modulus one.
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Unified Theory for Multiplication Operators

Let D = Dy x --- x Dy be a bounded symmetric domain with D; # I for
all je{1,...,k}, and+ € H(D). Then My, is an isometry on B(D) if and
only if 1 is a constant function of modulus one.

Let vp € H(D"). Then My, is an isometry on B(ID") if and only if 1 is a
constant function of modulus one.

We have a characterization of the isometric M, for bounded symmetric
domains in which all the factors are D and none of the factors are ID. We,
however, do not have a characterization for such domains where only some
of the factors are D.
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Weighted Composition Operators on B
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Previous Research

For ¢» € H(ID), ¢ an analytic self-map of D, and z € D, let

1 ) 2
sp,p(2) = 5(1 — [z%) |¢/(2)] log m, Sy = SUP Sy.(2),

zeD
2
rool(z) = 2= o Typ = SUP Ty (2).
Pyp Z)— 2 |90 (Z)‘W(Z)M zeD
1 —[(2)]
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Previous Research

For ¢» € H(ID), ¢ an analytic self-map of D, and z € D, let

1 2| 2
Spolz)==(1—-|z z)| log ————, =
() 2( |21) [¢/(2)| log 1= o(2)] 5,0 su]][;swp(z),

ze
2
rool(z) = 2= o Typ = SUP Ty (2).
ve(2) = 5 |/ (2)] [v(2)], zeD
1 —lp(z)]

Theorem (Ohno and Zhao, 01)

Let ¢» € H(D) and ¢ be an analytic self-map of D. Then
Q@ Wy, is bounded on B(D) if and only if sy, and 7 ., are finite.
Q@ Wy, is compact on B(D) if and only if W, , is bounded and

lim s z)= I|lim T z)=0.
ol Se(2) = lim | Tyel(2)

A\
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Previous Research

Theorem (Zhou and Chen, 05)

Let iy € H(IB,) and ¢ be a holomorphic self-map of B,. Then W, , is
bounded on B(B,) if and only if
Q sup [¢(2)] By(2) < oo

ZEn

® sup (1 211 IV (V)@ o8 T o <
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Previous Research

Theorem (Zhou and Chen, 05)

Let iy € H(IB,) and ¢ be a holomorphic self-map of B,. Then W, , is
bounded on B(1B,) if and only if

O sup [¢(2)] By(2) < o0;

zeB,

2
o SUP(l —1zI*) IV (¢)(2)|| log ———— < oc.
zeB, 1 —[le(2)]]
Theorem (Zhou and Chen, 05)

Let iy € H(IB,) and ¢ be a holomorphic self-map of B,. Then W, , is
compact on B(B,,) if and only if Wy, , is bounded and

» 'I;ﬂ [¥(2)| Bp(2) = 0;

2
o " (hm (1—1lz|I? )IIWW(Z)II'O%W =0.

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009 25 / 39



Previous Research

Theorem (Zhou and Chen, 05)

Let ¢y € H(ID") and ¢ a holomorphic self-map of D". Then W, , is
bounded on B(D") if and only if

sup (1-|z?) ( )| lo < 00,
o szl f “le@)P
and )
390k 1—|z]
SUp W(Z)‘ Z ‘ . |S0kzz)|2 < 0.

J,k=1
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Previous Research

Theorem (Zhou and Chen, 05)

Let ¢y € H(ID") and ¢ a holomorphic self-map of D". Then W, , is
compact on B(ID") if and only if Wy, , is bounded,

=0,

im > (1 -12P) |2
go(z)—)t?]D"j —1 8ZJ

log ——
1— |ok(2)?

and
n

im ) S

n
»(z)—0D k=1

Dk 1- |z
P ~(2) 2
Z 1 — |ok(2)]
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Research Goals

© Extend what is known about Wy , on B(ID) to include:
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@ operator norm estimates.
o alternate characterization of boundedness.
o alternate characterization of compactness.
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@ operator norm estimates.
o alternate characterization of boundedness.
o alternate characterization of compactness.

© Determine how to generalize these notions to higher dimensions.
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Research Goals

© Extend what is known about Wy , on B(ID) to include:

@ operator norm estimates.
o alternate characterization of boundedness.
o alternate characterization of compactness.

© Determine how to generalize these notions to higher dimensions.

© Develop a unified operator theory for Wy, ., in higher dimensions.
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Research Goals

© Extend what is known about Wy , on B(ID) to include:

@ operator norm estimates.
o alternate characterization of boundedness.
o alternate characterization of compactness.

© Determine how to generalize these notions to higher dimensions.

© Develop a unified operator theory for Wy, ., in higher dimensions.
o Characterize boundedness.
@ Determine operator norm estimates.
o Characterize compactness.
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Weighted Composition Operators on B(D)

Definition
For ¢» € H(ID), ¢ an analytic self-map of D, and z € D, let

1 , 14
70,(2) = 50~ 12 |9/ (2)| o TN o = sup ).
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Weighted Composition Operators on B(D)

Definition
For ¢» € H(ID), ¢ an analytic self-map of D, and z € D, let

1+
70,(2) = 50~ 12 |9/ (2)| o TN o = sup ).

Theorem
Let vv € H(D) and ¢ an analytic sel~-map of D which induce a bounded
weighted composition operator. Then

Q@ [|Wypll > max{|I¥lls . 3 11:(0)] log FHEG |-

Q (Wil < max {[I¥lly - § [4(0)] log EHEQ} + 7o + v} -
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Weighted Composition Operators on B(D)

Let 1y € H(ID) and ¢ an analytic self-map of D. Then Wy, , is bounded on
B(ID) if and only if 1) € B(D), and oy, , and 1., are finite.
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Weighted Composition Operators on B(D)

Let 1y € H(ID) and ¢ an analytic self-map of D. Then Wy, , is bounded on
B(ID) if and only if 1) € B(D), and oy, , and 1., are finite.

Let 1y € H(ID) and ¢ be an analytic sel-map of D. Then Wy, , is compact
on B(D) if and only if Wy, , is bounded and

lim o z)= I|lim T z)=0.
o, ovel2) = lim  Te(2)
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Generalizing to Higher Dimensions

Definition

For ¢ a holomorphic self-map of D, and z € D, let

Ttp(z) = sup{Qfocp(Z) f e B(D)aﬁf < 1}
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Generalizing to Higher Dimensions

Definition
For ¢ a holomorphic self-map of D, and z € D, let

Ttp(z) = sup{Qfocp(Z) f e B(D)aﬁf < 1}

Note. For all z€ D, T (z) < B,(z).
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Generalizing to Higher Dimensions

Definition

For ¢ a holomorphic self-map of D, and z € D, let
T#’(Z) = sup{Qfocp(Z) o f € B(D),ﬁf S 1}

Note. For all z€ D, T (z) < B,(z).

Definition

For ¢ € H(D), ¢ a holomorphic self-map of D, and z € D, let
00(2) = w((2)Qu(2), Oup = sup{oys(2) : 2 € D},
Typ(2) = ()| Ty(2), T = S Tl 5 2 E D)
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Foundation for a Unified Theory for W,

©

Let ¢ a holomorphic self-map of D. If ¢ € B(D), and oy, and 1y, are
finite, then Wy, , is bounded on B(D).
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Foundation for a Unified Theory for W,

©

Let ¢ a holomorphic self-map of D. If ¢ € B(D), and oy, and 1y, are
finite, then Wy, , is bounded on B(D).

Let ¢y € H(D) and ¢ a holomorphic self-map of D. If Wy, ,, is bounded on
B(D), then v € B(D), and oy, is finite if and only if T, ,, is finite.
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Foundation for a Unified Theory for W, ,,

Let ¢ a holomorphic self-map of D. If ¢ € B(D), and oy, and 1y, are
finite, then Wy, , is bounded on B(D).

Let ¢y € H(D) and ¢ a holomorphic self-map of D. If Wy, ,, is bounded on
B(D), then v € B(D), and oy, is finite if and only if T, ,, is finite.

Let i) € H(D) and ¢ a holomorphic self-map of D. Then W, ,, is bounded
on B(D) if and only if ) € B(D), and oy, and 1y, are finite.
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Foundation for a Unified Theory for W,

©

Theorem

Let D be a bounded homogeneous domain. If ) € H(D) and ¢ a

holomorphic self-map of D induce a bounded weighted composition
operator Wy, , on B(D), then

Q [[Wy el = max{|[¢lly , [(0)] w((0))}-
Q [[Wy |l < max{|[¢llg , [¥(0)| w(p(2)) + Ty o + Ty}
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Foundation for a Unified Theory for W,

©

Theorem

Let v € H(D) and ¢ a holomorphic self-map of D. If

i eongle)= Wi Fuelz)=

p(z)—0D p(z)—0D

then Wy, , is compact on B(D).
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Foundation for a Unified Theory for W, ,,

Theorem

Let v € H(D) and ¢ a holomorphic self-map of D. If

li = i =0
olimop 7o) = Hm, muol2) =0

then Wy, , is compact on B(D).

Let yv € H(D) and ¢ a holomorphic self-map of D. Then the bounded
operator Wy, ,, is compact on B(D) if and only if

li = i =0.
go(z)lE:aD 0'1/;,4/;(2) go(z)ITaD T¢’¢(Z)
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Supporting Evidence for the Unified Theory

Let ¢y € H(B,) and ¢ be a holomorphic self-map of B,. Then W, , is
bounded on B(1B,) if and only if ) € B(B,) and oy, and T, are finite.
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Let ¢y € H(B,) and ¢ be a holomorphic self-map of B,. Then W, , is
bounded on B(1B,) if and only if ) € B(B,) and oy, and T, are finite.

Let ¢y € H(ID") and ¢ a holomorphic self-map of D". Then W, , is
bounded on B(ID") if and only if ) € B(D"), and oy, , and 7y, are finite.
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Supporting Evidence for the Unified Theory

Let 1y € H(IB,) and ¢ be a holomorphic self-map of B,. Then W, , is
compact on B(B,) if and only if Wy, , is bounded and

lim o z) = lim 7 z)=0.
llo(2)]|—+1 viel2) llo(2)]|—1 ve(2)

Robert F. Allen (UWL) Operators on the Bloch Space September 25, 2009 36 / 39



Supporting Evidence for the Unified Theory

Let 1y € H(IB,) and ¢ be a holomorphic self-map of B,. Then W, , is
compact on B(B,) if and only if Wy, , is bounded and

lim o z) = lim 7 z)=0.
llo(2)]|—+1 viel2) llo(2)]|—1 ve(2)

Let ¢y € H(D"), and ¢ a holomorphic self-map of D". Then the bounded
operator Wy, ,, is compact on B(ID") if and only if W, ,, is bounded and

Fnelz)) = 0.

d},cp(z) =

im o lim
p(z)—oD" p(z)—0oD"
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Further Directions

Robert F. Allen Operators on the Bloch Space



Unified Theor

@ Complete the unification for W, , on the Bloch space.
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Unified Theory

@ Complete the unification for W, , on the Bloch space.

@ Unify the operator theory for M,,, C,, and W, , on the Hardy space
defined on a bounded symmetric domain.
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Unified Theory

@ Complete the unification for W, , on the Bloch space.

@ Unify the operator theory for M,,, C,, and W, , on the Hardy space
defined on a bounded symmetric domain.

@ Unify the operator theory for My, C,, and Wy, , on the Besov space
defined on a bounded symmetric domain.
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Thank You For Coming!
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