Mth171 Outline – 9/9/08 – Ruler and Compass Constructions
Introduce the first three postulates (the ruler & compass postulates). 

1. Two points determine a unique line.

2. A line segment can be extended indefinitely.

3. A point and radius determine a unique circle.

Basic Constructions:

Construction 1 – Perpendicular bisector

(why does it work? two sets of congruent triangles (large - SSS, then small SAS, then 180/2 = 90). 

Construction 2 – Erect a perpendicular*

Construction 3 – Drop a perpendicular*


* How are these related to Construction 1?

Now we know how we can construct right angles (i.e. 90 degree angles).

Construction 4 – Bisect an angle

Construction 5 – Copy an angle 

· (note: If the original angle is labeled ABC (vertex at B), label the image of the vertex as B’ and use the compass to mark the new point C’, the image of C. Then use the compass to measure the distance from B to A and strike an arc centered at B’ to show the possible locations of A’. Repeat by measuring the distance from C to A and striking an arc centered at C’ to pinpoint the location of A’. 
Homework: #5 – show how to construct a parallel line through a given point.

0. Start with segment AB and a point C not on AB

1. Construct ray AC
2. Use compass to mark point D on ray AC so that AC = CD

3. Measure segment AB with compass and construct circle at C with this radius.

4. Measure segment CB with compass and construct circle at D with this radius.

5. Mark the intersection of these latter two circles as point E.

6. Construct line CE. This is the desired parallel line.

Constructible Lengths:
Partitioning a line segment into n equal pieces.
Mark a point C and construct ray AC. Mark an arbitrary circle centered at A, and repeat as you move along AC marking points P1 through P​n.
· Next step relies on ability to construct parallel line through a point – HW#5. 

Construct parallel segments to segment BPn through each point constructed along AC. 

Note: this construction allows us to mark any rational length.

We can also construct irrational lengths of the form sqrt(n) for a whole number n by constructing an isosceles right triangle with legs one unit long.

This leads to the question of what lengths are constructible. (E.g. can we construct a length equal to 21/3 (cube root of 2)? … The answer is “no,” as it turns out. Only lengths involving fractions and square roots are constructible with ruler & compass. 
Constructible Angles: -- We’ll start here on Thursday. 
We can construct a 90 degree angle (construction 1, 2, 3).

We can bisect angles so 45, 22.5, 11.25… are possible too, as well as any sums of those.

Can we make a 60 degree angle? 


(We could if we construct an equilateral triangle – do it!)


This gives is 30, 15, 7.5, etc…

Constructible Polygons:
Exercise 13: Construct a square. 
(Method 1: Erect a perpendicular from the endpoint of a line segment).

(Method 2: Start with a circle with marked center. Mark a point. Form diameter. Make perpendicular. 

Exercise 14: Construct a regular hexagon. (Hint: use equilateral triangles)

Exercise 15: Construct a regular octagon. (Hint: Use your construction of a square and bisect each central angle – this requires that you find the center of the square, of course...).
Gauss’s Theorem: A regular n-sided polygon can be constructed iff all odd prime factors of n are distinct Fermat primes (those of the form 22^k + 1). 
F0 = 3 (prime)
F1 = 5 (prime)
F2 = 17 (prime)
F3 = 257 (prime)
F4 = 65537 (prime)
F5 = 4294967297 = 641 * 6700417 is NOT PRIME… (this shows that not all numbers of the form 22^k + 1 are prime! Those which are prime are known as the Fermat primes.)
