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Chapter 0O

Introduction

A wavelet basis is an orthonormal basis of smooth functions generated by dilations
by 27™ and translations by n2~™ of a single function. While the discovery of such
bases has only occurred in the last ten years or so, earlier results in Harmonic
Analysis have provided the ground work for this new topic. Wavelet theory is a
culmination of many ideas in this area. A brief history of some of the ideas for
wavelets will be given in Chapter 1.

Wavelet theory has caught the interest of many mathematicians as well as
engineers and other scientists who are interested in its many applications. Appli-
cations for wavelets include uses in medicine for faster and sharper scanners for
medical diagnosis, more efficient computer storage techniques for large amounts of
data, and sharper audio and visual signals with less information needed. Wavelets
are beneficial in these applications because of the highly efficient ways in which
a wavelet series can represent a signal. This allows for better reproductions of
functions with less data needed. More details of this will be given in the chapters
to follow.

In this paper, we will look at pointwise convergence properties of various types



of wavelets. Because the wavelet bases are made up of dilations of a function, the
wavelet functions are able to zoom in on any part of a function being evaluated.

In Chapter 1, background for a motivation for wavelets will be given along with
examples of various types of wavelet bases which will be explored in more detail
in following chapters. The underlying structure, which has been hinted at in this
Introduction, will be discussed in greater detail. Also, a comparison between a
local property of wavelet expansions compared to expansions by the standard and
a windowed Fourier transform will be given.

In Chapter 2, pointwise convergence properties will be found for wavelets in
S(R), that is wavelets with rapid decrease. The convergence for the wavelets in
S(R) of P.G. Lemarié¢ and Y. Meyer [Le-Me] will specifically be examined. In
particular, convergence of a wavelet expansion at a Lebesgue point will be proved.
Rates of convergence for wavelet expansion of a function at points with specific
smoothness conditions will also be found.

In Chapter 3, similar results to those obtained in Chapter 2 will be found for
wavelets with exponential decay. In particular spline wavelets on L?[0,1) and on
L*(R) will be used as examples. These wavelets were developed by J.O. Stromberg
[St], G. Battle [Ba] and P.G. Lemarié [Le].

Finally, in Chapter 4 the Gibbs effect for wavelet expansions will be explored.
The Gibbs effect is the phenomenon in which a partial sum expansion of a func-
tion overshoots or undershoots the original function near a jump discontinuity of
the function. A condition to determine if there is a Gibbs effect for a general
wavelet expansion will be given. This condition will then be used to prove that a
Gibbs effect does exist for at least some compactly supported wavelets. Finally,
results from a computer analysis will be given which were used to estimate the
size of the Gibbs effects for expansions of functions by some compactly supported

wavelets. The specific examples used in this chapter deal with the Haar system



and I. Daubechies’s compactly supported wavelets [Dal].

Results from the work of others will be listed as propositions. New results given
in this dissertation will be given as lemmas, theorems and corollaries. Definitions
in this paper are commonly known and are the work of others. A good reference

for many of the definitions used in this paper is [Fr-Ja-We].



Chapter 1

Introduction to Wavelets

1.1 Motivation, definitions, and examples

Wavelet bases were introduced in the 1980’s as new orthonormal bases of various
spaces. To motivate the introduction of these new bases, it is useful to look first
at the classical Fourier series of a function.
Let
fe L1,
where T is the circle group and L?(T") is the space of square integrable, one-

periodic functions. Then, f(¢) can be written in terms of the orthonormal basis
{€i2ﬂ—nt}n€Za

flt) =73 cpe™, (1.1)

nez
where

1 .
Cp = / f(t)e 2™t qt (1.2)
0
are the Fourier coeflicients.

This series is widely used, but it does have its drawbacks. One disadvantage

arises in applying the theory to decompose or to reconstruct an actual function,
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say, for example, an audio signal. In practice one can only use a finite number
of the coefficients in (1.1). Cutting off the remaining terms of the series produces
an error in the reconstructed signal. The number of Fourier coefficients needed to
reconstruct a signal to a desired accuracy may be great, requiring large amounts
of computer time and storage. For a Fourier series, a change in the frequency of a
signal is not a problem, but a local change in the signal can cause serious problems.
The Fourier series cannot represent local changes in a function efficiently.

What is desired is to have a basis which can represent a function to a high degree
of accuracy while using a minimal number of terms. Various ways to decompose a
function will be presented. This will motivate the idea of the wavelet basis. After
that, a wavelet basis will be defined and examples of such bases, which will be used
in this dissertation, will be given.

M. Frazier and B. Jawerth [Fr-Jal], [Fr-Ja2], [Fr-Ja3|, and [Fr-Ja-We] found an
atomic decomposition theorem for functions in the homogeneous Triebel-Lizorkin
spaces, Fpo"q, and the homogeneous Besov spaces, Bg’q. Here the above spaces are
defined as Fpa’q ={fes§: HfHF;Y,q = H{Zyez(?’”‘ | pa—v * f])q}l/qHLp < oo} and
Bg"q ={f € & |fllgoe = {X0ez (2" [lp2- * fll»)1}Y9 < oo} for any func-
tion ¢ € S (functions with rapid decay, defined in Definition (2.0.1) ), such that
supp ¢ C [—1/2,—-2]U[1/2,2] and |¢(§)] > ¢ > 0 if 3/5 < |{] < 5/3, and for
acR,0<p qg<oo,p# oo for F;"q. (Note: FS’Q ~ LP for 1 < p < oo, FI?’Q ~ H?
for 0 < p <1, and B%> ~ Lip(a) for 0 < a < 1.) For M. Frazier and B. Jawerth’s

results, they used the following proposition.



Proposition 1.1.1 Fix N € Z,. Then there exist functions 6, and ¢ € S(R")

such that
suppf C {z : |z| < 1}, (1.3)
/x”@(x)dx —0  ifpy| <N, (1.4)
supp ¢ C {15 < [§] <2}, (1.5)
e =c>0 fE<E<2, (1.6)
> 0(27€)@(27¢) =1 for § € R"— {0}, (1.7)

VEZ

From this proposition, a version of the Calderén formula,

F=> @ovkbpuxf, (1.8)

veEZ

is obtained and is used to derive the following atomic decomposition:

Proposition 1.1.2 Suppose « € R" ; 0 < p,qg < o0 , and N € Z, . If f €
B;"q (F;’q) , then there exists a sequence s = {sq}q € b;"q (f;“’q) and smooth N—

atoms {ag}qo such that
f=> soaqg (1.9)
Q
and |[sllea < || fllgaa (sl joa < cllf[l o) -

A similar result exists for the inhomogeneous spaces.

REMARK. Here Q = Q,r ={x € R": 27"k; < x; <27%(k; + 1),i = 1,2, ...n},
fer = {sq + Isllggo = ||(Soll@™" 725, xal*) /7], < o0}, and
bt = {5 : Islige = {Suen(Sura-+[1Q1 "7 |sq|Ir)?P}/e < oo}, where

a€eR,0<p,qg<o0,and p # oo for f}‘j"q.

REMARK. Decomposition theorems related to the Bergman reproducing formula
instead of the Calderén formula can be found in [Co-Ro]. Here the building blocks
are molecules (see [Co-We] and [Ta-We]).

6



REMARK. A function ag is called a smooth N-atom if it satisfies the following

conditions:
{ag} € D(R"), (1.10)
supp ag C 3@, (1.11)
/ 2’ag(x)dr =0 if v < N, (1.12)
and
sup | DYag(z)| < ¢, 0(Q)~ "% for vy € Z7, . (1.13)

zeR™

What is to be noted in the decomposition (1.9) is that the atoms depend on
the function f. Namely,

ag(x) = iQ [ bl = )eae + ) dy (1.14)

The next step is to find a decomposition in which the decomposing functions
are independent of the function f. This was obtained with the ¢ —transform of
M. Frazier and B. Jawerth [Fr-Jal], [Fr-Ja2| , [Fr-Ja3], and [Fr-Ja-We]. Using some

similar ideas to those used above, they started with the following result:

Proposition 1.1.3 Suppose ¢ € S(R"), satisfies suppp C {¢ : 3 < [¢] < 2}
and [p(&)] > ¢ > 0 if 2 < |¢] < 2 (see Definition (2.0.1)). Then there exists a
v € S(R™) satisfying the same conditions above, such that

> p2TONET) =1 for&#£0. (1.15)

vEZ
From this, the following Calderén formula is obtained:

f= Z Po-v ¥ hov * [ (1-16)
vEZ

where
Pa-v(7) = Pa-v(—7).

7



Applying an extension of the Shannon formula to (1.16), the following decom-

position is obtained:

F=Y (f,0q) Y- (1.17)
Q

This decomposition holds for the spaces indicated in Proposition (1.1.2). The
p—transform of f is defined as S,f = {(f,vq)}o. What is important to note
here is the ¢g’s and 1¢g’s are independent of the function f. It has been shown
that in order for an expansion like that of (1.17) to be orthonormal, |[supp ¢|
must be greater than or equal to (2m)", see [Fr-Ja-We|. Since this is not the
case for the above decomposition, the decomposition of (1.17) is not orthonormal.
This decomposition does however have many properties similar to an orthonormal
system. For a more detailed discussion of this, see [Fr-Ja-We].

By applications of the Calderén formulas, decompositions were obtained (1) in
terms of atoms in D(R™) which depend on the function being evaluated, and (2)
in terms of the functions in S(R™), which are independent of the function being
evaluated and which gives a decomposition similar in many ways to an orthonormal
decomposition.

The above work is related to the notion of wavelets developed by P.G. Lemarié
and Y. Meyer [Le-Me|, where a function f € LP,0 < p < 00, has a decomposition in
terms of wavelets which live in S(R"), are orthonormal in L?  and are independent
of f.

Before discussing these and other wavelets, a wavelet basis will be defined. A
wavelet basis is an orthonormal basis of smooth functions generated by dilations
by 27™ and translations by n2™™ of a single function called a mother function.

Here, m and n are both integers.

ExAMPLE. The Haar system illustrates the general structure of wavelets although

it is not a family of continuous functions. Even though it is not, strictly speaking,



a wavelet basis, we will consider it at various times because of its similarity to
wavelets, and because of its relative simplicity. In this case, the mother function

is defined by

The elements of the basis are found by the dilations and translations of h as

described above. That is,
B () = 2™/2 (2™ —n)

and {y, tm.nez is an orthonormal basis of L?(R). This basis has nice local prop-
erties, but it is undesirable when smoothness plays a role. What is preferred is to
have wavelets which have the general structure of the Haar system and also satisfy

a regularity condition.

The three following examples of wavelets will be used. (1) As mentioned above,
P.G. Lemarié¢ and Y. Meyer [Le-Me| constructed wavelets in S(R™). (2) J.-O.
Stromberg [St] developed spline wavelets while looking for an unconditional basis
for the Hardy space HP. G. Battle [Ba] and P.G. Lemarié [Le] developed these
bases in the context of wavelets. The spline wavelets have exponential decay, but
only C™ smoothness (to any finite degree N). (3) I. Daubechies [Dal] constructed
compactly supported wavelets with C smoothness. The support of these wavelets
increased with the smoothness; to have C'*° smoothness, wavelets must have infinite
support. These examples will be discussed in much greater detail in the following

chapters. In the rest of this paper, we will restrict our work to one dimension.

1.2 Underlying structure for wavelet bases

A general structure, called a multiresolution analysis, for wavelet bases in L*(R)

was described by S. Mallat [Ma).



Let

LCVyacVicVocViCcVyC.l

be a family of closed subspaces in L?(R) where

NVe=1{0}, UVau=I®R)

meZ meZ
and

fevm<:>f(2')evm+l'

Then there exists a ¢ € Vj such that {¢n, n}nez is an orthonormal basis of V,,,

where

Gmn(x) = 2"2H(2"x —n). (1.18)

Define W,, such that V,,,,; = V,,,&®W,,. Thus, L*(R) = 3 ®W,,,. Then there exists
a ¢ € Wy such that {1, , }nez is an orthonormal basis of W,,, and {9, » }m.nez 18

a wavelet basis of L?(R),where
V() = 2724p (27 — n) . (1.19)

The function ¢ is called the father function, and ¢ is called the mother func-

tion.

REMARK. For f € L?(R), the projection map of L*(R) onto V,, is
I, : L*(R) — V,,

defined by

Mf(r) = 5 S (fse) vru(e)

j=—00 k=—00

= D {f bmn) Smal(z),

neZ
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and II,,, f(x) will be called a dyadic sum of f. Also, a general partial sum of

f will be defined by a projection of L?*(R) into V,,. 1, namely,
Sy LA(R) = Vinp
is defined by
sefe) = 5 3 (b)) + Z (F mty) Yomat ()
o0 koo -

where o is some permutation of the integers. These two sums will be used through-

out this paper.

ExamMpPLE. To illustrate this structure, consider the Haar system. In this case,
Vo = {f € L* : fisconstant on [n,n+1),n € Z} and V,, = {f € L*R) :
fis constant on [27"n, 27" (n + 1)),n € Z}. ¢(x) = Xp,1), and P(x) = X 1)(x) —

By adding a regularity condition to the wavelet structure, the following result

can be obtained.

Proposition 1.2.1 Let ¢(z) satisfy the conditions for a multiresolution analysis.
Also, let ¢(x) be regular; that is, there exists a constant ¢ such that |p(x)|,

¢/ (x)| < ¢/(1+[a|*) for all z € R. Define K(z,y) = Yeq ¢l — n)d(y — n).
Then g K(z,y)dy = 1.

PRrOOF. Let a(z) = [g K(x,y)dy, a one-periodic function. Since ¢ is regular,
a(x) € L*(R).

Let f(t) = xj-1,1)(®), and define II,,, : L*(R) — V}, to be the projection map.
Suppose = € [—3, 3].

Then,



1
= Qm/ K2z, 2My) dy

—1
2m
= / K2z, y)dy
72777.

= a2™z)+0(27™).

By the multiresolution analysis conditions, I, f(z) — 1 in L?*([—3, 3]) as m —
0.
Since a(2™z) is 2~™-periodic, this implies that a(z) = 1 almost everywhere.
To show that a(z) = 1 everywhere, it now suffices to show that a(z) is contin-

uous.

a(e) = Y élw—n) | o(t)dr.

neZ
Jr @(t) dt is a constant, so it remains to show that Y.z ¢(z — n) is continuous.

Since Y,z ¢(x — n) is 1-periodic, z can be restricted to (—3,3). Continuity can

now be shown if it can be demonstrated that if lim;_ ., z; =  , then

lim Y ¢(x; —n) = ¢(x—n) (1.20)

I ez nez

for z;’s restricted to (—1,1).
Using the Dominated Convergence Theorem, (1.20) can be proved, since ¢

regular implies that ¢ is continuous and that

c n=>0

|0(z; —n)| <g(n) =
2c/n* n#0

This completes the proof. O

This result will be used in Chapters 2 and 3.

1.3 Localization properties for wavelets

In the last section, it was mentioned that the Haar system has nice localization

properties but lacks smoothness. In this dissertation, pointwise convergence condi-
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tions of wavelets which possess desirable smoothness conditions will be given. To
motivate the idea of wavelets having good pointwise properties, an example of a
local property of wavelets will be examined in this section. Frequency information
localized in time for the wavelet transform will be compared to the corresponding
information given by the classical Fourier transform and the windowed Fourier
transform.

Let f(t) € L'(R) be a function in time. The Fourier transform of f is defined

as

fl&)= [ rwe s an (1:21)
R

which gives the frequency content of f. The problem is that the frequency infor-

mation is not given locally with respect to time.

One method to improve the information is to use a windowed Fourier transform

Con(f) = /R F(£)g(t — nte)e ™0t d | (1.22)

where ¢ is a “windowing function”, which acts as a cut off function, and the
transform gives information about f in an area about time nt,. The problem
with this transform is that the windowed area it looks at in time is fixed once the
function ¢ is chosen. There is no way to increase or decrease the region in time
being examined once the windowed function is fixed.

A better method for this type of analysis is to use a wavelet transform

conlf) = [ FOYmalt)d (1.23)

where 1, ,, is a wavelet basis element. Since ,,,(t) = 2™?)(2™x — n) becomes
“essentially narrower” with dilations in m, the wavelet transform is able to zoom in
on any sized interval in time and give the frequency content for that region in time.

Hence, of all of the above transforms, the wavelet transform can best describe the

13



frequency content locally in time. A more detailed discussion of this is given in

[Da2].
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Chapter 2

Pointwise convergence for

wavelets with rapid decay

In this chapter, various pointwise convergence properties will be presented for
wavelets with rapid decay. Let us begin by formally stating the following definition
which has already been informally used in Chapter 1.

Definition 2.0.1 A function g has rapid decay, g € S(R), if and only if g €
C*(R) and sup [z"D™g| < oo for alln,m. (Note: g € S(R) implies that |g(z)| <
Cn /(14 |z|™) for all N >0 as |z| — o).

The condition |¢(x)|, [1(z)] < Cn/(1 + |z|)V for all N, which is a consequence
of Definition (2.0.1), will also be used. In some of our results, ¢ and v are also
required to have some vanishing moments.

One example of wavelets which satisfy these conditions are the wavelets of P.G.
Lemarié and Y. Meyer [Le-Me]. A brief discussion of these wavelets will be given
in the first section. In the second section, some preliminary work is done that will

be used in the final section where convergence results will be proven.
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2.1 Wavelets in S(R)

In this section, the wavelets in S(R) of P.G. Lemarié and Y. Meyer will be discussed
briefly. More details about these wavelets can be found in [Fr-Ja-We] and [Le-Me].
The proposition of P.G. Lemarié and Y. Meyer which demonstrates the exis-

tence of these wavelets is the following.

Proposition 2.1.1 There exists a real valued function ¥ € S(R) such that the
collection {tm.n(2) Ymnez = {2™/0(2™x — n)}mnez is an orthonormal basis for

L*(R). The Fourier transform of 1 has compact support,

5 8 2 2 8
Suppqu) - [_§7T7 —g’ﬂ'] U [gﬂ-v gﬂ-]u

and all moments of ¢ vanish,

/ wIp(z) dr =0 for all 7 > 0.
R

REMARK. With this system of wavelets, it can be shown that a father function

¢ € S(R) can be defined by

. cosw(§), for 0 < [¢] <4
0(6) = Y
0, otherwise
where w is a function which will be discribed below. This definition shows that ¢
has vanishing moments of all orders strictly greater than zero, [g x*¢(z)dz = 0

for a > 0.

To construct these wavelets, P.G. Lemarié and Y. Meyer started with a nonde-
creasing, real valued odd function 6 € C*, where 6(§) = 7 for £ > 7. They let w

be an even function where

0, foroggg%ﬂ andforfz%7r
wl) =4 T+0(¢—m) foZ<e<h
T—0(5—m) for i <¢<



Then, v is defined by

In [Fr-Ja-We| and [Le-Me], it is proved that this constructed function v satisfies
the conditions of Proposition (2.1.1).

Another construction of these wavelets can be found in [Au-We-Wil]. In that
paper, a local sine and cosine basis of R.R. Coifman and Y. Meyer is used as the
building blocks for these wavelets. The local sine and cosine bases are motivated by
the windowed Fourier transform which takes the Fourier transform and cuts it off
sharply by a multiplication with a characteristic function. The bases of Coifman
and Meyer have local properties similar to the windowed Fourier transform, but
they also have arbitrarily smooth cut-offs. With these functions developed, a very
natural construction for Lemarié and Meyer’s wavelets is obtained.

An important fact about this wavelet basis is the following proposition of P.G.

Lemarié and Y. Meyer (see [Le-Me]).

Proposition 2.1.2 The wavelet basis {tmn}mnez defined in Proposition (2.1.1)
is an unconditional basis for L*(R),1 < p < co, BMO(R) and H'(R).

REMARK. This proposition is proved for R" in [Le-Me].

This is all of the information that is needed on these wavelets to move on to

the convergence results for this chapter.
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2.2 Kernel estimates

Now that a brief discussion has been given on wavelets in S(R), a size estimate
for the kernel of their dyadic sum expansion will be found. This estimate will be
used in the next section to obtain various convergence results.
Let f € LP, 1 < p < oo. Using the notation of Section (1.2), the dyadic sum

projection can be written as

I, : LP -V,

m—1 00

= D D> {fidi) Yinl(a).

j=—00 k=—o00

In order to write an expression for I1,, f(x) with only one summation, the above can

be written in terms of an expansion of functions generated by the father function,

namely,

Hmf(x) = Z <f7 ¢mn> ¢mn(x) (2‘1)

neZ

Because of the size condition on ¢, (2.1) can be rewritten in the form

nf (@) = [ ) Kn(w.y) dy (22)
where,
=Y Omn(@)Pmn(y)- (2.3)

What is of interest is how II,, f(z) behaves as m tends to infinity. Specifically, we
wish to compute lim,,, o |11, f(z) — f(x)|. Using Proposition (1.2.1),

ML,/ @) = £(@)| = | [ 1) = F@) Koo, ) dy (24

In order to obtain estimates for the limit of (2.4) as m tends to infinity, under

various situations, a size estimate will be computed for |K,,(z,y)|.
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By definition,

K (z,y)] = | > 2™%¢(2™ —n)272¢(2"y — n)
neZ
< 2™ o2 —n)|[6(27y —n)l .
neZ

Because of the rapid decay condition on ¢,

1 1
| Kom(2,y)] < 27Cn Y

(2.5)
v 1+ [2ma —nY 14 [2my —n|Y

for all N € Z™T.

To estimate the above expression, it is helpful to first study the function g

defined by
1

(14 [2m2 = ) (1 + 27y — ¢V

g(t) = (2.6)

For t # 2™y, 2™x,

dg(t) _ —N[(1+ 2™z —t])sgn(2™y — t) + (1 + |2™y — t|) sgn(2"x — t)] (27)
i [+ 27— (1 + (27 — ()7 @

Without loss of generality, let y < z. From the above expression, ¢/(t) = 0 if and
only if 2™y <t < 2™z and (1 + 2™z — t|) = —(1 + |2™y — t|). Thus,

dg(t) T4y
ANV = t=2"
dt 2

Thus, the critical points of g(t) are 2™y 2" (xz + y)/2 ,and 2™x. Also, from (2.7),
it can be determined that g(¢) is increasing on (—oo,2™y) U (2™(x + y)/2,2™x)
and decreasing on (2™y, 2™ (x +y)/2) U (2™x,00). It is also easy to see that g(t) is
symmetric about 2™ (x + y)/2.

With this information gathered about the function g, (2.5) can now be esti-

mated.

Kn(e,y)] <27Cx { [ g(t)dt +209(2"y) + g(2"2)]}.
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Because of the symmetry of g, the above expression reduces to
2™ (z+y)/2 1

K, (r.y) < 2"C / dt
| Ko (, )] N{ - (14 |2z — th)N(1 + [2my — tN

4
+ N}. (2.8)
1+2m [z —yl

It now remains to estimate the integral in the above expression.

/2m(w+y)/2 1 dt
O Py A
< { 1 } 2" (a+)/2 1 »
< sup /
te(—oo2m(aty)/2) (1 +[2max — )N | /oo (14 [2my —t|)N

1 2my 1
T (t+2nfr—y[/2)N {/oo [1+ (2my — )V at

N /2’"(I+y)/2 1 &t
2my [+ (t —2my) |V

B 2N o0 1 o+ /2m<xy)/2 1 p
IRCES R ) A+uy T 1+ upy ™
ON CN

for N > 1

< <
C(2rfr =gV T I (27 | -y

Thus, from (2.8) and the above computation, the following result follows.

Theorem 2.2.1 Let K, (2,y) = Y ez Omn(T)Pmn(y), where ¢ has rapid decay
(d(x) < Cn/(1+ |z|™) for N € Z*). Then,
2m

Kp(z,y)| < C
R Pk

< Cn2™ (2.9)
for N > 1.

With this theorem, various convergence results about wavelet expansions can

be proved.

2.3 Convergence results

Now that an estimate has been obtained for |K,,(z,y)|, this estimate can be used

with equation (2.4) to determine convergence properties for dyadic sums of wavelet
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expressions. The first result that will be proved is the following.

Theorem 2.3.1 For f € LP(R), 1 < p < oo, x in the Lebesgue set of f, and

lp(z)] < HC‘;V‘N for some N > 1 (in particular, if p € S(R)),

Hmf(x) - Z <f7 ¢m,n> d)m,n(x) - f(m)

neZ
as m — OQ.

In particular, 1L, f — [ almost everywhere. Furthermore, if [ is bounded and

uniformly continuous, then I, f — f uniformly.

PRroOF. By the definition of a Lebesgue point, if x is in the Lebesgue set of f then
for all 9 > 0 there exists a n > 0 such that

If(y) — f(x)] dy < or, for all r <.

|z—y|<r

Choose any § > 0 and let ) be as defined above. From (2.4),

Maf (@) = f@)] = | [ 1£0) = F@)Knlop) dy

< L+1, (2.10)
where 1= [ 10) = S0
wd fo=| T [70) = S (o) ]

Let us first examine [;.

ho= | [ )~ @)Ky dy

lz—y|<n

< A+ A, (2.11)

Y

where Ay = [ |f(y) — f(2)| [Kn(z,y)| dy,

|e—y|<2—™

and Ay = [ [f(y) = f(@)| [Km(z,y)| dy.

27 <|z—y|<n
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A; is easy to estimate. By Theorem (2.2.1), for m sufficiently large

A< w2t [ If) - f@) dy

|[z—y|<2—m<n

< Cnd. (2.12)

In estimating A,, it can be assumed again that m is large enough so that the

interval of integration is nonempty. Also, it can be assumed that n < 1. Then,

L < L < nandthereexistsan ', 0 < I’ < m—1, such that 27"~ 1p < 27m < 27Uy,

Then,

Ay = [ 1) = F@) K] dy
n/2" +1<|z—y|<n/2V
-1
£ [ 1)~ @)Kl dy
=0 21 gyl <2
.
<Y [ @ - @) Kl dy.

=00 21 <yl <n /2
Using the size estimate on |K,,(z,y)],

.

4 <Y [ 1w - @)

=0y2041 <y <n/2!

g Cy2m
pncr==me Y BN ORI

=0

n/2 1 <|z—y|<n/2!

Cp2m
L+ (2m |z —y|

w W

A

U m

< CNZ

= 1 + (Qm—l—ln)

~on/2',
since x is a Lebesgue point of f. Thus,

0 1
A2 < CN(S Z

—__omtly, (2.13)
= 1+ (2m+l—1)N

Now, to deal with the sum in (2.13), let t; = 2™~y Then, t_; = 2"~ > 0
and to = 2™ 'n. Also, let Ay =t_py—0=2"" "1y andfor | £, Ay =t,—t;_1 =
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2mH=2p  Thus, A; > C2™ 7y for —I' <1 < 0. With this notation and (2.13), we

have the following:

0
1
Ay < Cnd —<A.
2 N l;/1+t1N l
Since 1/(1 + V) decreases as [ increases,
o 1]
Ay < Cyi [ dt<Cy6  for N>1. 2.14
2 NO | 1y = N or ( )
From (2.11), (2.12) and (2.14), we have that
I, < Cy9, (2.15)

where ¢ is arbitrarily small.

Now, we need to estimate I5. Recall that

b= [ @)= @)K,y dy|.

lz—y|>n

Let X(y) = X{y:|lz—y|>n} (y) Then,
= | [ 1) = F@IX0) K 9) ).

If 0 < p < oo, by Holder’s inequality

Ly < {[f1l, IXC B (s )+ L @)D Ko (25

where 1/p+ 1/p’ = 1. The norms in (2.3) will now be estimated. First,

INOE@ ()l = [ ()] dy
lz—yl=n

1
< Oyom / d
= o (1 +27 |z —y)V Y

lz—y|>n
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Secondly,

DIQEEACID]

On2™ {/xoon [1+2m(z —y)|V W

1
ot [1+2m(y — )|V
o0 1
2m -_—
O /77 (1+2m)N
Cn

(T2

1/p
( [ 1K)l dy)
lz—y|>n

Rt

Llz—y|>n

o0

+

dt

for N > 1

2m
1+ 2m |z —y|

IN

Cn

- . om o 1/p'
[
n (1+2m)N
C 1 1/p
M\1= Ny (1 + 2mn)Np'=1
1
C
NP1 gmp)N-1

2m )1/17
n
1

14 2m
T

Cn

1

m(p'—1)

(

~1/p.

Combining results from (2.3),(2.16), and (2.17) yields

[2 S Hf”p CNp(l

Ifp=1,

and if p = oo,

+ 2mn)

1 1

—1/p

1 -

b < On Ifh gy
1

I < \f!@vw
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(2.16)

o 1/p’
) dy]

(2.17)

(2.18)

(2.19)

(2.20)



Thus, for n fixed, (see (2.18),(2.19), and 2.20))
Ihrb—0 as m — 00.

Now, (2.10) says that |IL,,, f(x) — f(z)| < I} + I5. Since we can make [, arbitrarily
small by choosing n small enough, and I, — 0 for 7 fixed as m tends to infinity,

we have that

1L, f(z) — f(z)] — O as m — oo. (2.21)

Convergence at all Lebesgue points has now been proved. Since it has been
shown in the proof that the convergence of II,, f(x) depends only on 4 and the
value of f(z), this convergence is uniform when the function f is bounded and

uniformly continuous. The proof of the theorem is now complete. O

To extend this result to general partial sums, similar ideas are used. Let
8717(: . Lp — m+1
be defined by

l
Sof@) = S X Ubad tnle) + 3 (L Yty ) Yoy (@), (2.22)
j=—00 kEZ k=0
where o is a permutation of the integers. Equation (2.22) can also be written in
the form

S f(x) / {qumn )y +Z¢m0k> (2) Yoty (Y )}dy (2.23)

neZ

By Proposition (1.2.1) and the fact that [z ¥(y) dy = 0,
Sl f(2) = f(a)]
A[f {Zd)mn d)mn +Z¢ma(k 77Z)ma(k( )} dy

neZ

< M) = T+ | 1100 = S0 3 bty ama0) ] (220
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Equation (2.24) gives us a way to examine general partial sums for wavelet bases.
In the case that z is a Lebesgue point of f, the term |IL,, f(z) — f(x)| has

already been estimated. Consider the second term.

/R Zwma(k L)V, (y) dy| <

| 1#w) -

Now, concentrating on ‘ZZ:O Vo) (C) Um0 (Y) |,

Z wm ,o(k) ( )wm,a(k) (y)| dy

k=0

see that

l
L) Vmo(h) (Y )’ < Z ‘¢m,a(k) (x)‘ ’¢m,a(k) (y)’

keZ
which leads to the same estimate as that made for | K,,(z,y)| in Section 2.2. Thus

we can extend the result of Theorem (2.3.1) to obtain the following corollary:

Corollary 2.3.2 For f € LP(R), 1 < p < oo, x in the Lebesque set of f, and ¢
and ¢ in S(R) (at least |¢(z)|, |0(z)| < Cx/(1+|z|Y), for some N > 1),

Sy fl@) — flz)  asm— oo,

where 8 f(x) is defined in (2.22).
In particular, S f — f almost everywhere. Furthermore, if [ is uniformly con-

tinuous, then S f — f uniformly.

Now that almost everywhere convergence has been proved, we will look at rates
of pointwise convergence under certain conditions on the function at a point. These
results will follow easily from the size estimate of the kernel.

The first pointwise condition that we will consider is the following.

26



Definition 2.3.3 f € A,(x) if and only if there exists a polynomial P of degree

strictly smaller that o such the

[f(y) =Py —x)| = Ol — y|*).
With this property, the following result can be obtained.

Theorem 2.3.4 For f € Ay(z), |o(z)|, ()] < Cn/(1+ |2|™) , ¢ has at least
vanishing moments of orders 0,1,2,...[a], and ¢ has vanishing moments of orders

1,2,....[a] (in particular, P.G. Lemarié and Y. Meyer’s wavelets in S(R),
S f(x) = f(x)| < Cwa2 ™
where N > o+ 1 and 89 is defined in (2.22)

PROOF. As with the last theorem, the result will be proved for dyadic sums, and
the general sum case will carry through as in Corollary (2.3.2). Using (2.4) and
the notation of Definition (2.3.3),

Mof(e) = f@)] = | [ () =Pl =)+ Ply — 2) = f@)} Ko ) dy
< [ 1) =P = )| Kl dy

The last statement is true from the vanishing moments condition since as a function
of y, P(y — ) — f(x) is a polynomial with a constant term of zero. Now, from

Definition (2.3.3) and Theorem (2.2.1),

M f@) = @] < Cn [ =l gty
< CN2m2ma/R(1f2Jf‘;ngN dy
- o [ e
< Cy27me for N>a+1
This proves the result. O
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REMARK. This theorem can also be proved using the following proposition of

S. Jaffard [Ja]
Proposition 2.3.5 If f € A,(x), then
|cje] = ‘/ () (t dt’ < C27@+/Di(1 4 \k — 2%:\

This proposition can be used to obtain the desired estimate in Theorem (2.3.4).

Sl f(x) = f@)] = |33 epviula +Z%wq%du>

j>mkeZ
< D0 D legul il
j>mkez
< Oy > D e (1 |k — 2 x\) 2
a j>m keZ 1+\2ﬂx—k])N
= COv Y2y (1+ ]k 2]’:@])‘
jzm keZ
< C’NZZO‘j, for N >a+1
j>m
< CNQfam

This also proves Theorem (2.3.4)

The final results which will be presented in this chapter are rates of convergence
for wavelet expansions of a function f at a point x with certain conditions on

wg(x,t), for small values of ¢, ¢ < §. Here,

we(x,t) = sup{|f(y) — f(2)| : [z —y[ <t} (2.25)

In this work, f will be in I”; 1 <p < o0 .
As in the other results for this section, proofs will be given for the dyadic sum
case, since the proof for the general sums carries through in the same way:.

Let m be so large that 27™/2 < §. From equation (2.4),
M f(@) - f@)| < A+ B (2.26)
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where,

A=\ [ W) = @) Knle,y) dy
and e

B = [f(y) = (@) K (2, y) dy| -
From (2.9), e

. £() — £(a)]
Ao | <1+2m\x—y\>Ndy

|z—y|<27m/2
2 | flr =) - 22 | fz +t) = f@)]
— om
O {/0 (1+2mt dH/ Ty
272 ez, )
< C 2’”/ ot g 2.27
= N (1+2mt)N (2.27)

and from (2.18), for 0 < p < oo,

1
(1 + 2m/2)N—1
_m)<N—1—1/p>/2

1

B < |fll,C A+ 2T

272 4 |f(2)| Oy
= C(2
< @) e Ns2, (2.28)

where C' depends on N, f, and x. When p = 1, or p = 00, (2.19) and (2.20) give
the same result as that of (2.28). With the above estimates, rates of convergence

can be estimated for specific conditions on wy(x,t).

Theorem 2.3.6 For f € LP(R), 1 <p < oo, we(x,t) = O(t*) for small t, and
o), |¥(2)] < Cn/( + |2|™) for some N > 20+ 2 (in particular, the wavelets
in S(R) of P.G. Lemarié and Y. Meyer),

Sl f(x) = fla)| < C27m)e,
where C' depends on N, f, x, p, and .
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PROOF. This theorem will be proved for dyadic sums; the proof for general sums
goes through in the same way.
Using (2.26),

W f(2) = f(2)| < A+ B,

where from (2.27)
A C o i d
< ot [t
= N e (2m)N

m —m\« 2_M/2 (th)a
On2m(27) /0 (1 + 2mp)N

IN

—-m\«a 2"/ u®

Cy(27™)% for N > a+1,

IN

IN

and from (2.28),
B<C@2™™)* for N > a+ 2.

This completes the proof. O

Theorem 2.3.7 Under the same hypothesis of Theorem (2.3.6), except that
we(x,t) = O(1/ |logt|”), a < 1,

1

‘quff(x) - f(x)‘ < CW7

where C' depends on N, f, x, p and «. Here, Definition (2.0.1) must hold for at

least some N > 2.

PROOF. Again, it is enough to prove the result for dyadic sums. As in the proof
above,

[ f () = f(z)| < A+ B,
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where A is estimated with (2.27).

2=/ 9m [ log t|*
(14 2mt)N
1 om/2 N
1
< On2%——— for N > 1
= N (log 2m)« or
1
CNo+—"—.
¥ (log 2m)®

Ach/ dt
0

<

<

Comparing this term to B (of 2.28) as m tends to infinity shows that A is the

larger term, and the result is proved. O

This competes the discussion for wavelets with rapid decay.
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Chapter 3

Pointwise convergence for

wavelets with exponential decay

In Chapter 2, pointwise convergence properties were found for wavelets with rapid
decay. In this chapter, similar results will be found for wavelets with exponential
decay. In the previous chapter, P.G. Lemarié and Y. Meyer’s wavelets in S(R) were
used as examples. In this chapter, we shall look at spline wavelets both in L?[0, 1)
and in L*(R). Since wavelets on R were studied in the last chapter, in this chapter
we will concentrate predominantly on periodic wavelets in order to illustrate the
technique in this situation. With this program in mind, spline wavelets in L?[0,1)

will now be introduced.

3.1 The structure of spline wavelets on L?[0,1)

In Section 1.2, a general structure for wavelets defined on the line was given.

Periodic wavelets have a slightly different structure. The multiresolution structure
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for wavelets in L?[0,1) is the following. Let
VocVicVaC....
be a family of closed subspaces dense in L?[0,1), where
feVne f(2) € V.

There exists a function ¢ defined on R such that {¢,, .(7)}2 " is an orthonormal
basis of V;,, where ¢, () = 2™/2 ez ¢(2™[x + 1] — n) is 1-periodic.
Define W,,, by

Wo = Vo, and V11 =V, & W1 for m > 0.

Then, there exists a function ¢ defined on R such that {1} U {¢n.n}oo_, 3::0_1 is
an orthonormal basis of L2[0,1), where ¢, ,(z) = 2™/2 Y.z ¢(2™[x + 1] — n) is
1-periodic.

For the spline wavelets, the V,, spaces have a very clear geometric meaning.

Let B be the linear subspace of L?[0,1) of all continuous one-periodic functions.

Then, for spline wavelets of order NV,

VN = {feB:fisC" ! on R and coincides with a polynomial

of degree N on [(I —1)/2™1/2m], | =1,2,...,2™}

To construct the father and mother functions for the spline wavelets, the fol-

lowing facts will be useful. These facts were shown to this author by J. Soria

[So.

Proposition 3.1.1 For any N € N, Yc5(& + )" W) = [z/sinx&]V ! Py(€),
where Py is a trigonometric polynomial, Py(k) # 0 for all k € Z, and Py(0) = 1.
Also, if N is odd, then Px(§) # 0 for all§ € Z, Py is 1-periodic, even and positive.
If N is even, then Py(§ + 1) = —Py(€).
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To show that Py is a trigonometric polynomial, induction is used. Using cal-
culus of residues, it can be show that

7T2

Y+ =

iz  sin? 7w
and that the result holds with P, = 1.

Now assume that the formula is true for N — 1,

Z<f+Z>N:< - )NPNl(f),

icz sin &

where Py_1(£) is a trigonometric polynomial. Taking the derivative of both sides

and simplifying,

(e = (o )NH Py ©),

iz sin &

where

Py_1(§ sin(r§) — N cos(n§) Pnv—1(§)
—Nm

Py(§) =

is clearly a trigonometric polynomial. Verifications of all other statements in the
proposition are straightforward.

These Py functions will be used to construct spline wavelets. Because of the
properties of Py when N is odd, it will turn out that the odd ordered splines are
what we will be interested in for this chapter; for the rest of this chapter, N will
be an odd number. To construct the mother function ¥ and the father function
" for the spline wavelets of order N, the following results will be needed. A good

reference for this material is [We].

Proposition 3.1.2 For ¢V and v in L*(R),

(a) ENTLGN(€) is 1-periodic if and only if o~ € CN=1 and coincides with a poly-
nomial of degree less that or equal to N on [k — 1,k], k € Z.

Also,
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(b) ENTLYN(E) s 2-periodic if and only if YN € CN7V and coincides with a poly-
nomial of degree less than or equal to N on [k —1/2,k/2|, k € Z.

Proposition 3.1.3 For N odd,
(a) > ez ‘ng)N(ﬁ + l)‘2 =1 if and only if {¢}) ,}aZo" is an orthonormal set,
and

(b) ez ‘w (E+1) } =1 if and only if {1}, },€ ' is an orthonormal set.

Proposition 3.1.4 For N odd,
(a) if Yji, € VV]H, then > ez (§+léfﬂl =0 forE=k/2, ke Z— {0},

and

7 N
(b) if ¥ ik © Vj{vkb PN (0) =0 and Yieq (qéﬂ(% =0, then JJ\IQ S Wj]j’rl,

With these propositions, one gets the following formulas.

B (E) = (N Paxa @ (31

g Ut P sinme/2)

(sinmé/2)2(N+D) | (cos w€/2)2(N+1)
P2N+1(€/2)\/ Pant1(6/2) + Pon+1((€+1)/2)

(3.2)

Using these two formulas and complex integration techniques, the following

result can be proved.

Proposition 3.1.5 For N odd, ¢"(z) and ™ (z) are O(e=*) as |x| — oo, for

some a > 0.

Finally, it has been shown that these spline wavelets are a basis for LP[0, 1),
1 < p < oo. A detailed discussion of the properties of these various wavelet bases
is given in [We].

Other details for the results in this section can be found in [Me] and [We].
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3.2 Kernel estimates

We will need a result similar to Proposition (1.2.1) for periodic spline wavelets.

Fortunately, this is easy.

Let
m 27—1 2m—1
7=0 k=0

where ), and ¢,, , are the periodic functions defined in Section 3.1, and {t; }; kez
is the set of periodic spline wavelets of some odd order N (The N superscript will
be left out unless it is needed in order to simplify the notation.). Let 1 be the

function which is identically one. Since 1 € V; for periodic splines,

= /01 Kz, y)dy = 1. (3.4)

From this result, we have the following formula which parallels formula (2.4).
Let
I, : L — V,,.

For f € L7[0,1), equation (3.4) gives us

0,/ () = £@)] = [ ) = £ ) d]. (35

Similar to our estimates in Section 2.2, we will now estimate |/C,,,(x, y)].

Theorem 3.2.1 Let K, (7,y) =1+ X7 % S ¥ () (y)

S 2 o (2) D (y) where {hip} are the periodic spline wavelets of some odd
order.
(Wje(r) = PP Tieqp(@ [z + 1] = k), Smn = 2? iz ¢(27[x + 1] — n)) Since
the order of the splines is odd, ¢(x) and (x) are O(e=*) as |x| — oo for some

positive number a small enough (see Section 3.1). From this it follows that
Ko (@, y)] < Cu2me 2" =i/,
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where ||x|| is defined to be the distance from x to the nearest integer.

PROOF. Since we are dealing with one-periodic functions, we can assume that
0< 2,y < 1. Let guun(®) = Sypos 62w+ 1] = n). Then éyn(x) = 27/2{p(27a -
n) 4+ gmn(z)}. From the exponential decay of ¢,

-1

|gmn(2)| = Z p2"x+1 —n)+ DY 2"z +1] —n)
=1 l=—0
< O{Zefa(Zm[erl + Z e —a(n— 2m[x+l)}
l=—00

_ O{e—a(me—n) + ea(Q’”w—n)} i 6—&2’"1

=1
< Oa{e—a(Qmw—n)_}_ea(Qmax—n)}e—an'
Thus,
|G ()] < Cafem @RI 4 g lemtizmy, (3.6)

Now, |K,n(z,y)| can be estimated.

2m—1

Kn(z,y) = 27 Z{¢ "2 — 1) + Gun(2) HO2™y — 1) + gun (y) }

2m—1

= 9m Z {gb mr—n gmn( ) + ¢(2my - n)gmn(x)

+¢(2m$ - n)¢(2 Yy — n) + gmn(x)gmn(y)}

Let
om_1
om_1
om_1
I = 3 62" = n)o(2"y — n).
and
om_1
IV =" Gpn(@)gmn(y).
n=0
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Then,

(Ko, y)] < 27( ]+ [LI] + [L1I] + |[1V]). (3.7)
Now, let us estimate the individual terms.
am_1
‘[’ < Z ‘¢ "r—n Hgmn(y)’
2m_1

< Gy {\¢(2mm — n)| [em*@"vH=m) 4 ea(Qm[y—l]—n)]}
n=0

— Oa{ Ze—a mp— n) —a(2m[y+1} n)+€a(2 ly—1]— n)]

0<n<2myg

+ Z e —a(n— 2m:v) —a(Qm[y-‘rl} n)+€a(2 [y—1] n)]}

2mxr<n<2m

_ Oa {€—a2m(1+ax+y) Z 620,71 + 6—a2m(1+:v—y) Z 1

0<n<2mz 0<n<2myg

+€—a2m(1—:v+y) Z 1 +e—a2m(l—x—y) Z 6—2an}

2mr<n<2m 2mgp<n<2m

IN

_ m m _ m —
Ca{e a2 (1+x+y)62a2 T e a2™ (1+x y)2mx

+€—a2m(1—:v+y)2m(1 _ l‘) + €—a2m(1—:v—y)e—2a2ma:}'

Simplifying, we get

|I‘ < Oa{e—(ﬁm(l—a:-i-y) + mee—an(l-i-;B—y) + 2m(1 . x)e—an(l—w—f—y) + €—a2m(1+:v—y)}'
(3.8)
Similarly,

’I” < Ca{efan(lnyrx) + 2my67a2m(1+yfx) + 2m(1 . y)efaQ’"(lnyr:t) + efan(lerfx)}'

(3.9)
Moving on,
2m—1
(111} < ZW "z —n)| 2"y — n)
2m—1
< Oa Z e—a\Qm—n\—a|2my—n\'
n=0
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Assuming x > vy,

‘]II‘ < C a(2mz—n)—a(2my— n)+ Z e—a(2mx—n)—a(n—2my)
<n me 2my<n<2my
+ Z e—a(n 2Mx)—a(n—2My)
myrnl2m
_ Ca €—a2m(:v+y) 62an+€—a2m(ax—y) Z 1
0<n<2my 2my<n<2Mmy

+ea2’"(ax+y) Z 6—2an}

2Mmp<n<2m

< Ca, {€—a2m(ac+y)€2a2my + e—an(ac—y)Qm(x . y) 1 ean($+y)e_2a2mf”}
= Ca {6fa2m(:t*y) + Qm(l' o y)efagm(x,y) + e*GQm(I*y)}

= Cu[2+2™(z — y)]e 2" =Y forz>y.
Now, for all z,y € [0,1),
[T11] < C,f2 + 2™ |z — y|le 2" le—vl, (3.10)
Finally,

2m—1

s X (Gn(oy| lgmn (v)]

< O, Z (e—a(QM[:c—l—l]—n) +6—a(n—2M[$—1])) (e_a(Qm[y-H]—k)
n=0
Femaln-2"ly-1))
2m 1 2m 1
— Oa {€—a2m(2+ax+y) Z €2an+e—a2m(2+$—y) Z 1
n=0 n=0
2m—1
+67a2m2 z+y) Z 1_‘_67(12 (2—z—y) Z eQan}
< C, {e—a2m(2+:v+y>e—2a2 4 a2 (2 y)2m

+67a2m(27:t+y)2m + 6fa2m(27x7y)} '
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Thus,

V] S G, {2 ) f emo2"(msmy) 4 gmgma (24a=y)

+omem "2ty (3.11)
Combining like terms, so far we have that

Km(z,y)] < Cu2m {72 (mmt) y gma2"(hemy) 4 gmgema2” (Hhe=y)
+2m(x . 1)6—a2m(1—$+y) + 2mye—a2m(1+y—:v)
+2m(1 o y)efa2m(1fy+x) + 67a2m\xfy|
+2™ |z — 9| e~ a2 z—yl 4 a2 (aty) 4 p—a2™(2-2-y)

+2m6—a2m(2+$—y) + 2m6—a2m(2—ax+y)} ] (312)

To simplify (3.12) further, we can use the following fact which is easily verified.
l—z+4+y, 14+x—y,|r—y|, z+y, and 2 — z — y are all greater that or equal to
lx — y||, which is defined in the statement of the theorem to be the distance of

x — y to the nearest integer. Using this, (3.12) reduces to

|]Cm($, y)| < Oa2m {€—a2m||:v—y|| + mee—an(l-l—;B—y) + 2m(1 . x)e—an(l—w—f—y)
+2my67a2m(1+yfx) + 2m(1 _ y)efan(lnyrx)
+2™ |z — y| e el Qme"ﬁme"ﬂm”x’y”} : (3.13)
Since te~" is a bounded function for ¢ > 0, (3.13) reduces to
Kn(z,y)] < Ca2™ {e_ﬂm”x_y” + 2mgem 2" (Hay)

+2m(1 _ x)e—a2m(1—w+y) + mee—(ﬁm(l—l—y—;t)
+2m(1 _ y)efaZm(lnyr:r) 4+ om ’.T _ y’ €,a2m|x,y‘}

- 2™ {67(127"”33*:!/” +2"(1+ 2 — y)efagm(uxfy)

+2M(1 — x4 y)e 2 AT L om gy e—‘ﬁ’”'w—y‘} (3.14)
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Since = and y belong to [0,1), the exponents in (3.14) are all raised to negative

powers, so that (3.14) can be further reduced to
K (z,y)| < C2™ for all z,y € [0,1). (3.15)

A sharper estimate can be obtained for some values of x and y. To get this

estimate, we will return to (3.14). Since te™*

|z =yl > 1/a2™, (3.14) becomes

is a decreasing function for ¢ > 1, for

Kom(z,y)] < Cu2m{e™ " le=vll L om g — y|| ea2" le=vll}

C 2 {e= 2" o=yl L gm || g — || e7o2" lo—vll/2g=a2™lle=yll/2}

< o fem2le=ul | gmazla—yl/2y
< O 2mem @ leul2 for ||z — y|| > 1/a2™. (3.16)
Combining (3.15) and (3.16) gives the result of the theorem. O

Theorem (3.2.1) will be used in the next section to obtain some convergence

results for periodic spline wavelets.

3.3 Convergence results

As in Section 2.3, the estimate for |, (z,y)|, from Theorem (3.2.1), will now be
used with equation (3.5) to obtain some convergence results for periodic spline

wavelets.

Theorem 3.3.1 For f € L'[0,1), x in the Lebesgue set of f, and using the periodic

spline wavelet expansion of f (notation as in Section 3.1),

2m_1
lim T f(2) = D (fs dmn) () = f(2).
n=0

This shows in particular that I1,,f — f almost everywhere. Furthermore, if f s

uniformly continuous, 1L, f — f uniformly.
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Proor. This result will be proved for LP, 0 < p < oo, instead of L', so that
the result is easily extended for the noncompact case. This proof is similar to the
proof of Theorem (2.3.1). In fact the estimates of Theorem (2.3.1) in the setting
of R implies the corresponding estimate (2.9). The novelty is in the modifications
needed for the setting of functions on [0, 1). Using the notation from that proof, x
being in the Lebesgue set of f implies that for all § > 0 there exists an n > 0 such
that
|f(y) — f(z)] dy < ér  forall r <.

|lz—y|<r

Following the same format as in (2.10), we have that

M f(z) = f@)| < I+ Iz, (3.17)
where
I = / U6 = Sl 9) dy
and o

L=| [ (f) = f@)Kn(z,y)dy).

y€[0,1)
lz—yll=n

Examining I,

I < Ay + Ay, (3.18)
where
A= [ 1) = @)K y)] dy.
y€[0,1)
lz—yl|<1/(2™a)
and

A= [ 1) = @) Kl dy.

y€[0,1)
1/(2Ma)<|z—yll<n
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From Theorem (3.2.1),

A< G2t [ 1) - f@)] dy

y€[0,1)
le—ylI<1/(2™a)<n

< Cub (3.19)

since z is a Lebesgue point of f.
As in the proof of Theorem (2.3.1), for m large enough, there exists an ', 0 < I’ <
m — 1, such that 27"~'n < 1/(2™a) < 27"n. Then,

.
4<Y [ @)~ @)Ky dy.
=0

y€[0,1)
2= l=1p<lz—y|<2—ln

Using the size estimates on |IC,,(z,y)|,

Ay <) / f(y) — f(x)]| Cu2mea2mla=vl/2 gy

=0 velo,1)
2=l 1<l —yll<2— 1y

l/
< Y camen et [ ) — f()] dy
1=0 ye(o,1)
2=l 1In<la—y|l<2—ln
l/
< ZC’aZWe_“2M7l”/452_ln

=0

0
= C, Z e_“2m+l"/4a2m+l7]/4,
=

since z is a Lebesgue point of f.
Now, define the following: ¢; = a2™n/4, t_y = a2™ "n/4 and ty = a2™n/4. Also,
let Ay =t_p—0and A; =1t —t;_; for | > —I’, we then have that

0
Ay <G8 Y et

=1

< C,0 Tttt
< G [ e
= C,0. (3.20)
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Thus, from (3.18), (3.19) and (3.20),
I, < C,0. (3.21)

To estimate Iz, let x(y) = X{ywe[o,1),|e—yllzn} (¥). For 0 < p < oo, Holder’s inequal-

ity gives us

Ly <[], IXC Ko (@, )+ L @) G (2, ) (3.22)

where 1/p+1/p = 1.

Now,
IXOKn ) = [ Koyl dy
y€(o,1)
lz—yll=n
< 02 / e~ le=ul/2 gy
y€(0,1)

n<|lz—yl|<1/2

by the definition of ||z — y||. Letting t = 2™ ||z — y||,

2m /2
/ e~ /2 gt
2mn

Cy (et — e/ (3.23)

() (2, )l

IN

Now,

Ol Mo = s Kool o)
lo—yll>n

~ welo
lz—yll=n

= C2me®2"/2, (3.24)

and,

IXCY (@, )y < IXCY (L X C) Ko (2, ) [ (3.25)
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by Holder’s inequality. The cases for p = 1 and p = oo, follow in a similar but

simplier way. From (3.22) through (3.25), we have that
I, —0 as m — oo. (3.26)
Finally, since § is arbitrarily small, (3.17), (3.21) and (3.26) tell us that
I, f(x) — f(z)] — 0 as m — oo.

Convergence at Lebesgue points, and hence, convergence almost everywhere has
now been proved. Since the convergence of II,, f(x) depends only on §, this con-
vergence is uniform when the function f is uniformly continuous. The theorem is

proved. O

Theorem (3.3.1) can be generalized by looking at partial sums defined as

1 m— — l
Sff;f(l’) = /0 Z: z_: f ¢]k ¢]k ) Z<f7¢ma(k)>¢m,a(k)(x)

k=0

- Hmf($)+2n:<f, Y@} Gt (2) (3.27)

=0

ol

where 0 <n < 2™ —1.

Corollary 3.3.2 For f € L'[0,1), x in the Lebesque set of f, and using the

periodic spline wavelet expansion of f (see notation in Section 3.1 and formula

(8.27) ),
LM —0oSY f(2) = f(x).

This shows that S — f almost everywhere. Moreover, if f is uniformly continu-

ous, 8 f — f uniformly.

PRrOOF. This proof is similar to the proof of Corollary (2.3.2). Let
Gla I y Z ¢m o( ¢m o( ( )
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Then, The same argument used in (3.4) can show that

J3 (K(x,y) + G (x,y)) dy = 1. Therefore,
S5 = 1@)| = | [ ()~ @)Kl 9) + Giolay) dy
< [ 17) ~ F@I Kl v)] dy
+ [17) = @165 )| dy

The first integral was evaluated as in Theorem (3.3.1). The second integral is done
similarly since the same estimates can be found for ‘Gf;’l(x,y)‘ as was found for
Ko (, )]

This completes the proof. O

In the three sections above, results for spline wavelets were done for the periodic
case. In the final section of this chapter, it will be demonstrated how these results

extend to spline wavelets in LP(R).

3.4 Spline wavelets on L’(R)

In this last section on spline wavelets, we will see how results found for the periodic
case carry over easily for spline wavelets on the line. We will also look at the rate
of convergence for spline expansions of f at x where f € A,(z); the A,(x) spaces
were defined in Definition (2.3.3).

To begin with, let us look at the basic set up for spline wavelets on the line.
This work parallels the work for periodic spline wavelets discussed in Section 3.1.
A discussion of both types of spline wavelets can be found in [Me].

For spline wavelets on the line, we go back to the notation used in Section 1.2.

Here, V2 is defined as follows:
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VN = {feL*(R): f e C" 'and coincides with a
polynomial of degree N on [(I —1)/2™ 1/2™),l € Z }.

Letting ¢V and ¥ be the father and mother functions respectively, Proposi-
tions (3.1.2), (3.1.3) and (3.1.4) can be proved in this case, except that in Proposi-
tion (3.1.3), n and k run over all integers. From these facts, it can be demonstrated
that the same functions ¢ and )" generate both the periodic spline wavelets and
the spline wavelets on LP(R).

Now, let KN(z,y) = Snez @mn(2)Pmn(y). Since the spline wavelets on the

line are generated by the same mother and father functions, the following integrals

can be compared.

KN d
/R m (2, y) dy

neZ

12m-1
= [ Y (e - | (S 6@+t -n) | dy
0 n=0 \iez VeZ
1
= / K (z,y) dy.
0
In Section 3.2 the last integral was shown to be equal to 1, so we have that

/RKn]\f(x,y) dy = 1. (3.28)

Define ITY f, in the usual way, as the projection of f into the space V.Y, then

(3.28) gives us that

I /() = () = [ [F(9) = S @)K (.y) dy. (3.29)
To simplify notation, as in the earlier part of this chapter, the N superscript will

be left out unless needed for clarity. As in other cases discussed, to get estimates

for convergence, we will first obtain an estimate for |K,,(z,y)|.
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Theorem 3.4.1 Let K,,(z,y) = X 1ez Prmn(T)Omn(y), where
{Dmntmmez = {22021 — 1) }unez and ¢ is the father function for the spline

wavelets of some odd order N. Then,
K (2,y)| < Cu2mee2"le—vl/2

Proor. Without loss of generality, let y < x. Then,

|Km(x7y)| = Zd)mn d)mn )

neZz

= > 02"z —n)p(2My —n)

—oco<n<2My
+ > 92"z —n)p(2Y —n)
2my<n<2my
+ ) 02"z —n)g(2"y —n)|.
2Mx<n<oo

Because of the exponential properties of ¢, (see Proposition (3.1.5)),

‘Km(x> y)‘ < c2a2m { Z 6*a(2mxfn)6fa(2my7n)

co<n<2my
+ Z —a(2m$ n) —a(n—?my)
2my<n<2My
+ Z e —a(n—2mz fa(anmy)
2mzr<n<oo

—oco<n<2My

— COom {eaZm(ery) Z eZan
te —a2™(z—y) Z 1+67a2 —z—y) Z 62an}

2my<n<2myg 2mx<n<oo
— m m
< Ca2m {6 a2 (:v+y)62a2 y

+e—a2m($—y)2m(x . y) + e—a2m(—$—y)€—2a2max} )
In general, for all x and y,
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\Km(x, y)‘ < o™ {e—a2m|:c—y|
4om ‘ZE . y‘ e—an\w—y| + €—a2m\x—y\}

—a2™|z—y|/2
< O omea2mleul/2

since 2™ ’1‘ _ y’ €—a2m‘x—y‘ _ Ca2m ‘1‘ _ y‘ €—a2m\x—y\/26—a2m\;c—y|/2§ Cae—aQM\g;—y\/Q'

O

With this estimate, the following result can be proved.

Corollary 3.4.2 With the notation of (3.29) and Theorem (3.4.1), for f € L*(R),
1 <p<oo, and x in the Lebesque set of f,

lim IL,, f(z) = f(z).

m—0o0

In particular, we have convergence almost everywhere. Furthermore, if f is bounded

and uniformly continuous, then I, f — f uniformly.

REMARK. This result is a direct consequence of Theorem (2.3.1), but the proof is

much simpler in this cased.

PROOF. This proof is similar to the proof of Theorem (3.3.1). Again, since x is a

Lebesgue point of f, for all § > 0 there exists an n > 0 such that

If(y) — f(x)] dy < or for all r < n,
lz—y|<r
and
L f(z) — f(2)] < I + Iy,

where

I

[f(y) = f(@)| Kn(x,y) dy

lz—yl<n
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and

L= [ /)= f@)Kn(ey)dy.
lz—y|>n
I, can be estimated as in the proof of Theorem (3.3.1) with |z — y| replacing

|z — y||. With this one obtains
I < C,6. (3.30)

I5 still needs to be estimated. This is also similar to the proof in the periodic case.
With slight changes in the notation, by (3.22) and (3.25), we need only estimate

two norms in order to get an estimate for I5. The first norm estimate is

IXNOK @ (@ = [ 1Kn(ey)] dy
lz—y|=n
< C, / 2m€—a2m|w—y\/2 dy
lz—y|=n
= C, e tdt
a2™mn/2
= Ce 2",

The second norm estimate is

IX() Em(2, )l = sup [Kp(z,y)]

lz—y|>n

< sup Ca2m€fa2m lz—y|/2
lz—y|>n

= (O,2me"®2"/2,
Since both of these norms go to zero as m increases, we have that
Ir—0 as m — oo.

From this, we have convergence at Lebesgue points, and we have uniform conver-

gence if f is bounded and uniformly continuous. 4
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The method used to show that the integral for a dyadic sum kernel, K,,(z,y),
is one, equation (3.28), can also be used on the integral of a general partial sum
kernel to show that it is also one. Then, using the usual arguments for extending

results on dyadic sums to general partial sums, we have the following result.

Corollary 3.4.3 Let
m—1 l
Sefa) =3 S (F ) Uin(@) + 3 (f bmotry) Yot ()
j=—oc0 kEZ k=0

be the partial sum spline wavelet ezpansion for f € LP(R), 1 < p < oo, and = in
the Lebesque set of f. Then,

lim 817 (x) = f(2).

m—o0
In particular, we have almost everywhere convergence. Furthermore, if f is bounded

and uniformly continuous, the convergence is uniform.

The final result which will be discussed in this chapter is one involving a con-
vergence rate of a wavelet expansion of a function f at a point x, where f € A, (z).
For a definition of A,, see Definition (2.3.3). As in the proof of (2.3.4), ¢ and ¥
will stand for ¢ and ¥ respectively, where N > [a]. Using the notation of
Definition (2.3.3),

of(@) = f@)] = | [ (/) = Ply—2)+Ply —2) = f@) e ) dy
< [ 1£w) =Py =)l [Kn(e, )| dy.

The term P(y — z) — f(x) drops out since as a function of y it is a polynomial of
degree less than N whose value at x is zero, and it is being projected into the space

Vniv of piecewise polynomial functions of degree N. We now have the following:
‘Hmf(x) — f(x)] S / ‘y _ .CL"‘O[ Ca2m€fa2m‘x*y‘/2 dy
R
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< G2 {/ (= y)e 2" T2 dy
+/ (y . I)ae—aQM(y—a:)/Q dy}
— 20,2m / po a2 t/2 gy
0

= 2C,2"T(a+1)/(2" ta)>t

The above can be expanded slightly, as done through out this paper, to give the

following result about general partial sums.

Theorem 3.4.4 For f € A,(x) and for spline wavelets of degree greater that or
equal to [o],
S f (@) = ()] < Can2™™™

This completes this chapter.
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Chapter 4

Gibbs phenomenon

4.1 Introduction

In Chapters 2 and 3, we examined convergence rates for wavelet expansions of a
function at points with certain smoothness conditions. In this chapter, we will
look at wavelet expansions of a function at points with jump discontinuities.

When a Fourier series is used to approximate a function with a jump disconti-
nuity, an overshoot at the discontinuity occurs. This phenomenon was noticed by
A. Michelson [Mi] and explained by J.W. Gibbs [Gi] in 1899.

Let g(x) be a periodic, piecewise smooth function with a jump discontinuity
at zo. For any fixed x1, not equal to xq, the partial sums of g(x) at x; approach

g(z1). That is, if s, is the partial sum of g, then
dim s (1) = g(a1) -

However, if x is allowed to approach the discontinuity as the partial sums are taken

to the limit, an overshoot, or undershoot, may occur. That is,

lim s,(2,) # g(af)

Tn 4>a:+

0
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and

lim s, (z,) # g(27)

Tp—T,

0

are possible. This overshoot, or undershoot, is called the Gibbs phenomenon.
To illustrate this effect (see [Zy]), one can look at the 2m-periodic function

g(x) = 2(m —x),for 0 < x < 2. The partial sums of the Fourier series of g(z) are

2 I sink
:_me for z # 21k, 1 € Z. (4.1)
T

It can be shown that for any € > 0, there exists a § > 0 such that for 0 < z <9,

2 (n+3) gin t

k=1 0

2
T m

where |E,| < e. For n large, 7/(n +1/2) < 4, and (4.2) becomes

o (1) (n +1/2)) = %/0 LnthE 1.1789... (4.3)

This overshoot of the partial sums at 0% is about 9% relative to the size of the
jump discontinuity (which is 2). The same size undershoot will occur at 0.
Writing a general piecewise smooth 27-periodic function in terms of g(z), the

following result can be proved about Fourier series.

Proposition 4.1.1 Let f be a function of bounded variation, 2mw-periodic func-
tion. At each jump discontinuity xo of f, the Fourier series for f will overshoot
(undershoot) f(xd) and undershoot (overshoot) f(xy) if f(xg) — f(xg) is posi-
tive (negative). The overshoot and undershoot will be approzimately 9% of the
magnitude of the jump ’f(a:a’) - f(xg)’

J. Foster and F.B. Richards [Fo-Ri] ,[Ri] looked at the Gibbs effect for best

L? first order spline approximations for a function. The second author examined
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higher order splines. This work was not done in the spline wavelet context, but

the results apply to these wavelets. They looked at approximating a function

-1, -1<z<0

1, 0<z<l

g(r) =

in L?[-1,1]. F.B. Richard numerically calculated the overshoot at at g(0") for
splines of degree one through seven, and found that the overshoot was larger than
that of the Fourier series. He conjectured that this overshoot approaches the
Fourier overshoot as the order of the splines goes to infinity. His paper contains
some partial results that support his conjecture.

In this chapter, certain conditions on the wavelet kernel will be examined to
determine if a Gibbs effect occurs and what magnitude it is. Specific examples are
demonstrated with I. Daubechies’s compactly supported wavelets, and computer
estimates on the size of the overshoot and undershoot were computed for some of

the wavelets with small support.

4.2 Compactly supported wavelets

In this section, the construction of compactly supported wavelets will be described
briefly, and some of their properties will be presented. These wavelets were con-
structed by I. Daubechies in [Dal].

Based on a decomposition and reconstruction algorithm of S. Mallat which uti-
lizes the multiresolution structure for wavelets, I. Daubechies extracted the nec-
essary conditions for constructing wavelets from a sequence of numbers {h(n)}
without reference to a multiresolution analysis. Her construction for wavelets is
the following one. The notation in the statement of this proposition varies slightly

from hers due to a difference in the definition of the Fourier transform.
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Proposition 4.2.1 Define my(§) = % ez h(n)e™™s where the h(n)’s satisfy

Y |a(n)]|n]" <o for some e > 0, (4.4)
nez
S hn) = V2, (45)
nez
and
0, E#0
> h(n)h(n + 2k) = do s, = { . 4 . (4.6)
nez s = U.

Also, mo(&) can be written in the following form:

mo(§) = [3(1+eT)VF(§), N € Zy, with F(§) = Lyez f(n)e™™, where

ST1f)]|n| < oo for some e >0, (4.7)
nez
and
sup | F(¢)] < 2V 1. (4.8)
¢eR

Then define g(n) = (=1)"h(~n + 1), and let $(¢) =TI, mo(277€),
¢(w) = lim 7 (), (4.9)

where

m(@) = V2 h(n)m-1(2e —n)  and  m(z) = X

neZ

Also, define (z) = V2 X hez(—1)"h(—n+1)¢(2x —n). Then, the set of ppmn(z) =

22 (2mx — n) defines a multiresolution analysis, and the {Wpyn(T)}mnez is the

(). (4.10)

associated wavelet basis.

REMARK. Condition (4.4) guaranties that ¢ is well defined; (4.5) makes
Jr ¢(z) dz = 1; (4.6) gives the orthonormality to the {¢,,,}; and (4.7) and (4.8)

ensure that ¢ is continuous.
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EXAMPLE. If N =1 and F'(§) = 1 in the above proposition, then ¢(x) = xj0,1)(x),

and one gets the Haar system. In this case, the continuity condition (4.8) fails.

To generate compactly supported wavelets, the following result is used.

Proposition 4.2.2 ¢(x) and (x) have compact support if and only if only a finite

number of the h(n)’s in Proposition (4.2.1) are nonzero.

Thus, to generate compactly supported wavelets, one only needs to find a finite
non-zero sequence {h(n)} which satisfies the conditions of Proposition (4.2.1). A
constructive way to find F(&), and hence the h(n)’s is presented in [Dal]. In
that paper, I. Daubechies also includes values for {h(n)} for some of the wavelets
with small support. These values are used in computer work for this paper.
I. Daubechies also shows that an increase in the number of nonzero h(n)’s increases
the support size of the wavelets, and increases their smoothness; compactly sup-
ported wavelets cannot be C'°. I. Daubechies also showed that unlike the Haar
system, no continuous compactly supported wavelets can be symmetric about any
point. This fact will be important in the sections that follow.

The following definition of I. Daubechies will be used in the following sections.

Definition 4.2.3 Let y¢ and i be the function defined by {h(n)} satisfying the
conditions of Theorem (4.2.1), h(n) =0 forn <0 and n > 2N — 1, h(0) # 0 and
h(2N — 1) #0.

I. Daubechies’s wavelets come from N values greater than 1. N = 1 yields the

Haar system. With these assumptions, the support size of y¢ can be determined.

Proposition 4.2.4 The smallest interval which contains the support of y¢ is

0,2N — 1].
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REMARK. In this paper, the fact that this is the smallest such interval is needed.
The proof of this was not provided in [Dal], so a proof of this will be provided

here.

PRrROOF. From (4.9), it follows that the supp n¢ C [0,2N — 1]. It is left to show
that this interval is the smallest such interval.
Claim: There does not exist an € > 0 such that y¢ ][0,6] =0.
Assume there does exist such an €, and let ¢y be the largest such €; a largest must
exist since y¢ is continuous. By (4.9),
2N—1

wO(@) = V2 3 hn) o2 =), (4.11)

and for x < min(ep, 1/2 + €/2),

0 = yo(x) = V2h(0)p(2x) . (4.12)

Since h(0) # 0, (4.12) implies that ¢(z) = 0 for z < min(2¢p, 1 + €). This violates
the maximality of €, hence there does not exist such an € and the claim is true.

To show that there does not exist an € > 0 such that yo¢ ][QN_l_evgN_l] = 0, the
same procedure can be carried out, using z > 2N — 1 — min(ey, 1/2 + €/2) in

(4.11) and using the fact that h(2N — 1) # 0. O

In the following sections, compactly supported wavelets generated by 4, 6, 8,

and 10 coefficients will be studied.

4.3 Gibbs phenomenon at the origin

In this work, we will assume that functions are of bounded variation. To begin
looking for Gibbs effects, we will first study functions which have a jump discon-

tinuity at zero. A more general setting will be given in Section 4.4. To study the

o8



Gibbs effect of functions with a jump discontinuity at zero, it suffices to look at

wavelet expansions of the function

—1—z, —-1<z<0
f@) =< 1-2, 0<z<1 (4.13)

0, else

since other functions with a jump discontinuity at zero can be written in terms of

f plus a function which is continuous at the origin.

4.3.1 A general formula for dyadic sums

For simplicity, we first restrict attention to the study of dyadic sum wavelet ex-
pansions of f(z). Having defined f(x), by (4.13), it is now possible to look at

the dyadic sum projections of f(z) into the space V,,, generated by the functions

{Smn}-
I, : I(R) — Vj,

Iy f(z) = /R fy) Kz, y) dy (4.14)
where K,,,(z,y) = 2™ cz Omn(T)Pmn(y), and ¢ is the father function. Now,

using the definition of f,

1) = [ (1) Enle)dy+ (=) Knleo)dy
_ /01(—1 1) Ko (, —t) dt + /01(1 — 1)Kz, t) dt
_ /01(1 Ko () — Kon(, —t)) dt
= (1= Ko (27, 2™) — Ko(2™a, —2™4)) dt
- /OZm(1 — 27Mu){Ko(2™x,u) — Ko(2™x, —u)} du

_ /0 " o () (1 — 27U { Ko (27, 1) — Ko(2™2, —u)} du.

29



Since what is of interest is the region about the origin as m tends to infinity, x
will be set to 27™a, where a is a fixed real number (see remark below). The above

expression then becomes
I, f(2"™a) = /O Xz (W)(1 — 27 ™) { Ko(a,u) — Kola, —u)} du.  (4.15)

The absolute value of the argument of the integral is bounded by |Ky(a,u)| +
| Ko(a, —u)|, which is an integrable function because of the rate of decay of wavelets.
Also, the limit of this argument as m tends to infinity is X[o,00)(u){Ko(a,u) —
Ko(a,—u)}. Thus, applying the Dominated Convergence Theorem to (4.15), one

has

lim 1L, f(2"a) = /OOO{KO(a,u)—KO(a,—u)}du

m—00

= Q/OOKO(a,u)du—l.
0

REMARK. If instead of choosing a as a fixed number, we had a sequence 27"a,,,
there would be two possibilities: If a,, — 0, then we would end up with equation
(4.16) with @ = 0, and we would have the same expression as if we had chosen
a = 0. If a,, — oo, since 2™a,, must tend to zero, a,, must tend to infinity slower
that 2™. Thus, because of the decay conditions of ¢, the expression of equation
(4.15) would tend to zero, and there would be no overshoot. This explains our

choice of z = 27"a.
The following theorem has now been obtained.

Theorem 4.3.1 For f defined in (4.13), a € R and using the notation of (4.14)

lim TL, f(2"™a) = 2 /0 " Ko(a,u) du — 1. (4.16)

Thus, studying a Gibbs phenomenon reduces to looking at the above integral of the

wavelet kernel. Specifically, a Gibbs effect occurs near the origin if and only if

/ Ko(a,u)du > 1, for some a > 0
0
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and (or)
/ Ko(a,u)du < 0, for some a < 0.
0

REMARK. In the following sections, this theorem will be used to study the question

of Gibbs effects for the Haar system and for compactly supported wavelets.

4.3.2 Examples

In the last section, results pertain to all wavelets. In this section, we will look
at wavelets which have compact support. To see that the dyadic sum of the
Haar system expansion for f(x) has no Gibbs effect, one can look at the following

integral, where ¢(z) = xp,1)(x) for the Haar system.

/0 Ko(a,u)du = Y xp1)(a— n)/o Xjo,n)(u — n) du

nez

= _T;ﬂ X[o,1)(t) dt
1, a>0

B 0, a<0.

Thus, by Theorem (4.3.1) there is no Gibbs phenomenon in this case.
The existence of a Gibbs effect near the origin for wavelet expansions of f can
be proved for certain compactly supported wavelets. To do this, the following

lemma is used.

Lemma 4.3.2 A Gibbs phenomenon for a dyadic wavelet expansion of f(x) gen-
erated by the function y¢, defined in Definition (4.2.3), occurs at the right hand
side of f(x) if and only if there exists an a > 0 such that

no(a+1) /01 No(t)dt + no(a+2) /02N¢(t) dt + ...

+ wlat N -2) [ T et < 0. (417)
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PRrROOF. From Theorem (4.3.1), there exists a Gibbs effect at the right hand side

of the origin if and only if there exists an a > 0 such that

| Kola,uydu> 1 (z/RKO(a,u) du>, (4.18)

Since the support of y¢ is contained in [0,2N — 1], (4.18) reduces to finding an
a > 0 such that

2N -2 IN—1 2N -2

> wolatn) [ woldi> 3 xolatw) [ xold  (419)

n=—oo n n=—oo

Subtracting the appropriate terms of (4.19) yields (4.17). Thus, the lemma is

proved. O

REMARK. For the Haar system, N = 1, the left hand side of (4.17) is 0, which

implies that there is no Gibbs effect.

We are now able to show that a Gibbs effect does exist for the expansion generated
by 2¢. From the lemma, showing that a Gibbs phenomenon exists for the wavelet

expansion involving »¢ reduces to finding an a > 0 such that

2¢(a +1) /01 20(t) dt + 2¢(a + 2) /02 2p(t) dt < 0.

To simplify the above expression, let a be greater than or equal to 1. Now ana > 1

is needed such that
1
2p(a + 1)/0 24(t) dt < 0. (4.20)

(4.20) can be verified by showing (1) that [} 2¢(t) dt # 0 and (2) that there exists
a; and ag > 1 such that 5¢(a; + 1) and 2¢(az + 1) have opposite signs.

Claim 1: [y 9¢(t) dt # 0.

PROOF. Assume that [y 2¢(t) dt = 0. Then, integrating (4.11) over [0, 1] yields

0 = /012¢(t)dt

62



\/i{h(())/ 26(2t) dt + h(1 /012¢ 2% —1)d
+h(2) /0 20(2 —2)di + h(3) | 62t — 3) dt}

Since the support of 2¢() is contained in [0, 3], the above reduces to

0 = \/§{h(0)/012¢(2t)dt+h(l)/olggb(Qt—1)dt}

_ g{h(o) /022¢(t) ciHh(l)/O1 20(t) dt}

Van() | " Lob) dt

by assumption. Since h(0) # 0 (see [Dal] and Appendix), this implies that
[250(t)dt = 0. Now, integrating (4.11) over [0,2] and using similar arguments
shows that fo3 2¢(t) dt = 0. This last statement is false since integrating over the
whole support of the father function gives the number 1. Thus, the assumption is

false and the claim is true. O

Claim 2: There exists numbers aj, as > 1 such that y¢(a; + 1) and 2¢p(ag + 1)
have opposite signs.
PROOF. By Theorem (4.2.4), one can choose an = > 2.5 such that 2¢(x) # 0. For

such an z, (4.11) becomes

20(%) = V2h(3)26(2 - 3).
Let a; = x — 1 and ay = (22 — 3) — 1. Then, since h(3) < 0 (see [Dal]), a; and a
satisfy the claim. O

With these claims, it has been shown that (4.20) is true for some a > 1, and

thus the following result has been proved.

Theorem 4.3.3 There exists a Gibbs phenomenon on the right hand side of the

origin for the dyadic sum wavelet expansion of f(x) generated by 2.
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This can be made more general. Before doing this, the following lemmas will

be needed.

Lemma 4.3.4 For xo, if h(2N —2) + h(2N — 1) = v/2, then h(2N — 1) = 1//2.

PROOF. The hypothesis of the lemma implies that h?(2N —2)+2h(2N —2)h(2N—1)

+h?(2N — 1) = 2. Equation (4.6) implies that the sum of the first and last term

is less than or equal to 1. Thus,

1
h(2N = 2)h(2N = 1) > 3,

which by the hypothesis of the lemma can be rewritten as

1

{heN -1 - —

12 <.

This statement is only true if h(2N — 1) = 1/4/2, so the lemma is proved.

Lemma 4.3.5 For y¢, if h(2N — 1) < 0, then there exists a positive integer

n < 2N — 1 such that [ yo(t)dt # 0.

PROOF. Assume that the lemma is false; that is, assume that [' y¢(t) dt = 0 for

all integers n < 2N — 1. Then, since [ZV ! yo(t)dt = 1,

2N—-1
| woydi=1

N-2

and

k
/N¢(t)dt:o for k=0, ..,2N — 2.
k

-1
Using equations (4.21) and (4.22), and integrating equation (4.11) over
[2N — 2,2N — 1], one obtains

1 = /2 o) dt

N—-2
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2N—-1

= VEhEN-2) [ o2t - 2N - 2)dt

Fh(2N — 1) /ij_; NO(2t — (2N — 1)) dt}
_ g{h(m _9) /2 jVN;l No(t) dt

Fh(2N — 1) /2 1]:1 NO(1) dt}
_ g{h@]\f ~9) £ (2N — 1)},

Thus, h(2N — 2) + h(2N — 1) = /2, and by Lemma (4.3.4) this implies that
h(2N —1) = 1/4/2. Since, by the hypothesis, h(2N —1) < 0, the assumption made

in the proof is incorrect, and the lemma is true. O

With these lemmas proved, a more general statement of Proposition (4.3.3) can

now be proved.

Theorem 4.3.6 [f h(2N — 1) < 0, then there exists a Gibbs phenomenon on the

right hand side of the origin for the dyadic sum wavelet expansion of f(x) generated

by no.

PROOF. Letting n be the smallest integer to satisfy Lemma (4.3.5), equation (4.17)

reduces to looking for an a > 0 such that

wola+n) [ woe)d+xolo+ (1) [ wo(e)de .t

vé(a+ (2N —2)) /O o No(t)dt <0.  (4.23)

To simplify the above expression, a can be chosen such that 2N -2 < a+n < 2N—1.

Then, equation (4.23) reduces to

No(a+n) /0 " vo(t)dt < 0. (4.24)
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By the assumption on n, [3" n¢(t) dt # 0, and (4.24) can be verified if two numbers
x1, 2T € [2N —2,2N — 1] can be found such that y¢(z;) and y¢(z2) have opposite
signs.

Choose x; > 2N — 1.5 such that y¢(z1) # 0. Then,
No(z1) = V2h(2N — 1)vp(221 — (2N — 1)),

Since h(2N — 1) < 0, letting x9 = 227 — (2N — 1), the needed numbers x; and o

have been found. The theorem is now proved. O

REMARK. This theorem proves that the Gibbs phenomenon exists for about half of
the compactly supported wavelets that I. Daubechies has given the h(n) coefficients
for in ([Dal]). The size and the existence of the Gibbs effect for other compactly

supported wavelets will be examined below.

So far in this section, Theorem (4.3.1) has been used to prove the existence of
a Gibbs phenomenon. In the remaining pages of this section, this theorem will be
used to approximate the size of Gibbs effects in some of I. Daubechies compactly
supported wavelets. Sizes of Gibbs effects will be approximated by values obtained
in FORTRAN programs based on Theorem (4.3.1).

Before beginning to use the computer to assist in this problem, it is necessary to
determine where a possible Gibbs phenomenon could occur. To do this, Theorem
(4.3.1) will be used to determine where a Gibbs effect could not occur for compactly
supported wavelets.

Let
Ko(a,u) = ) néla+n)vé(u+n).

neZ
For a > 0, when is

/OOOKo(a,u)du =1 (Z/RKO(&,U)CZU> (4.25)
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true?

00 2N—2 2N—1
| Eolawydu=Y wotatn) [ wolt)dt, (4.26)
since the support of y¢ is contained in [0,2N — 1]. Also,
2N—-2 2N—1
/R Ko(a,u)du=Y" né(a+n) /0 NO(t) dt.

The two above sums are equal if y¢(a 4+ n) = 0 for n > 1. This will at least be
true if a+n > 2N — 1, and thus, (4.25) is satisfied when a > 2N — 2. Thus, there
is no Gibbs effect, as defined in Theorem (4.3.1), for a > 2N — 2 for the wavelet
expansion generated by yo.

Similarly, for a < 0, a Gibbs effect will not occur if
/ Koy(a,u)du = 0. (4.27)
0

As seen from the sum of this integral, equation (4.26), equation (4.27) is true if
No(a+n)=0for 1 <n < 2N —2. This is true if a +n < 0, which implies that
there is no Gibbs effect for a < —(2N — 2).

It has been shown above that in searching for a Gibbs effect of dyadic wavelet
expansions of f generated by n¢, one only needs to look in the region
{27"a:a € (—(2N —2),2N — 2)} as m — 0.

The next step is to use computer analysis to approximate the value of the
integral [5° Ko(a,u)du for values of a in [—(2N — 2),2N — 2]. From (4.9), n¢(x)
will be approximated by ym(z) = V2 X2V h(n) ym_1 (22 — n) for various values
().

Results from this computer analysis are approximate, but they do give a good

of I, where ymo(x) = Xi-1.1
idea of the size of the Gibbs effect. For any expansion by compactly supported
wavelets, the Gibbs phenomenon on each side of the origin may differ because of
the lack of symmetry of these wavelets. This will be reflected in the results given

in Table (4.1).
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left side of origin right side of origin

NO | NO = N a | limy, oo I, f(27a) | a | limy—eo [ f(27™a)
20 M1 -1.1 -1.04 1.0 1.61
3¢ 378 -1.0 -1.25 1.0 1.25
4¢P a7 -0.9 -1.33 1.6 1.12
50 5M7 -0.8 -1.20 0.8 1.22

Table 4.1: Approximate maximum overshoot and undershoot for dyadic sum

wavelet expansions lim,, .., I1,,, f(27"a) generated by ¢

REMARK. For more details on the computer programs and the analysis of the

data, see the Appendix.

4.3.3 A general formula for partial sums

In the previous sections, dyadic sums of wavelet terms were examined. In this
section and the following one, general wavelet expansions of f(z) will be examined.
Again, f(z) will be defined as in (4.13), and S f(x) is defined as its general

partial sum, as used in Chapters 2 and 3.
S f(x) = I f (2 +/ y)GY (2,1) dy
where
Gla I y Z wma k) wma k)( ) (428)

It follows as in the dyadic sums case that

lim S f(27™a) = {Z/OOKO(a,u) du — 1}

m—0o0 0

+ {/ GY (a,u) du — / Gl (a, —u) du} :
0 0

Since [g ¥ = 0, the following result is obtained.
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Corollary 4.3.7 For f defined in (4.13), a € R, and using the notation of (4.28),

lim SYf(27™a) = 2 /OO Ko(a,u)du —1+2 /OO G (a,u) du
= lim II,,f(27™a) + G (a)

m—0o0

The term G'7(a) gives the value of the limit dependent on which additional
terms are added to the dyadic sum. The G'(a) term could shift the peak of the
Gibbs effect, and could also change the size of it. It is of interest to find which
terms are best to include in order to minimize the Gibbs effect. These matters will

be treated in some detail in the next section.

4.3.4 Examples

Based on Corollary (4.3.7), the Gibbs phenomenon for the wavelet expansion of f
near the origin will be computed for general partial sums.

For the Haar system, it has already been shown that there is no Gibbs effect
at the origin for the dyadic sum expansion of f. The next step is to look at the

term G'(a) of Corollary (4.3.7) for the Haar system.
G(a) = 2/OO Gl (a,u) du
0
! 00
= 2% dla+ a(k))/ Ylu+ o(k)) du
k=0
! 1
- 22¢(a+a(k))/ D(t) dt.
k=0 7
Since o(k) is an integer and ¥ (t) = X[0.) —X[%,l)(t)> the above integral is always
zero. Hence, there is no Gibbs phenomenon for partial sum Haar expansions of f.
The next example that will be examined is that of the compactly supported

wavelets. Since lim,, . IT,,f(27™a) has been examined in Section 4.3.2, in this

section the term G'(a) will be studied. Computer programs have been written to
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left side of origin right side of origin
l o(k) a | limy, 0o SOf(27™ma) || a | lim, e S9F(27™a)
0 -1.01 -1.04 0.99 1.61
1| o(1)=0 | -1.01 -1.04 0.99 1.30
1lo(l)=-1|-1.01 -1.02 0.99 1.61
2] o(1)=0
o(2)=-1|-1.01 -1.02 0.99 1.30

Table 4.2: Approximate maximum overshoot and undershoot for the general partial
wavelet sums lim,, .., S f(27™a) generated by ¢ for various values of [ and o (k)

in gla(a) (2¢ is approximated by 27711-)

approximate the value of G'(a) for various values of I, and a. Before going to
the computer, it is now necessary to determine the range of a values that should

be examined.

G"(a) =23 wila + o(k) / e

X NJ, as shown in ([Dal]), and [g xt(t)dt = 0,

2

S5y N (t) dt # 0 implies that —% < o(k) < N, and G"(a) # 0 implies that

Since the support of Nt is [—

—& < a+o(k) < N. Thus, in looking for values of G'(a), the only time that a
nonzero value is obtained is when —N — & <a < N+ %, and -5 < o(k) < N.
The specific example that has been examined on the computer is the expansion
generated by 2¢. In this case, o(k) = 0 and 1 are the only values of concern. From
the above work, when o(k) = 0, the values of —1 < a < 2 are of interest, and
when o(k) = 1, the interval —2 < a < 1 is what needs to be examined. Thus,
the computer programs for this part will compute values for lim,, .., S f(27™a)
over the region —2 < a < 2; this includes estimating the values for G'(a), where

o(k) =0 or 1 or both. Results are given in Table (4.2).

70



In this case, the data suggests that adding additional terms in the partial sum
has lessened the Gibbs effect, but that the effect occurs in the same location. In
Section 4.4.4, Tables (4.5) and (4.6) will present data that seems to suggest that
the location of the maximum overshoot and undershoot may also vary. Further

discussion of such data will be given at that time.

4.4 Gibbs phenomenon at a general point

In Section 4.3, the Gibbs phenomenon was examined for the function f which had
a discontinuity at the origin. Because of the translation and dilation procedure
used to generate wavelets, the expansion of a function is dependent on the actual
locations of behaviors of the function; we say that the wavelets are not translation
invariant. Because of this fact, it is important to study Gibbs effects for wavelet
expansions of functions with a discontinuity at a general point. Therefore, in this

section work parallel to that of Section 4.3 will be done for the function

b+1)—z, b<x<(1+0)
glz)=fle=b)=q b-1)—xz, b—1<z<b (4.29)

0, else

which has a discontinuity at the point b.

4.4.1 A general formula for dyadic sums

A dyadic sum expansion for the function g, defined in (4.29) will now be found.

I, : I(R) — V,, (4.30)

Mug@) = | g)Kn(r,y)dy
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b b+1
= [ =D =Ky dy+ [+ 1) = gl K, p) dy

= ([ (- 1)~ sl 27y dy

[0+ 1) — Ko 27y dy

_ /m (b= 1) — 27 ™) Ko(2™a, 1) dt

2m (b—1)

2™ (b+1)
+/ [(b+1) — 2™ Ko(2™a, £) dt .

As m tends to infinity, points close to b are of interest, so we will let x = 27a + b,
where a is a fixed real number.
2mp
,g(2 ™a+b) = / (b= 1) — 27"t Ko(a + 2™b, ¢) dt
2m(b-1)

2™ (b+1)
+/ [(b+1) — 27| Ko(a + 2™, t) dt.

Letting u = —t + 2™b in the first integral, u = ¢ — 2™b in the second integral, and

combining, one gets

g2 "ath) = [ (1-2 " u){Ky(a+2"but2"b)~ Kofa-+27, —ut2"8)} du
i (4.31)
Since as m approaches infinity, the 2™b term in the argument of the kernels causes
some difficulty, we want to remove the m dependence in the kernels.
The problem of m dependence in the kernels is addressed by examining the
definition of the kernel.

Ko(z,y) = > ¢z +n)d(y+n)

nez

= > ¢x+n" +n)d(y+n +n),

nez

where n' is any integer. Thus,
Ko(a + 2"b,u + 2"b) = Ko(a + 2™b — [2™b], u + 2™b — [2™D])
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and
Ko(a+2"b, —u + 2™b) = Ko(a + 2™b — [2™b], —u + 2™b — [27D]),

where [z] is the greatest integer less that or equal to z. Since, as m varies, the
value of 2™b — [2™b] may vary, we will restrict m values to a set J such that this
expression will be fixed for all m in J. If b is a rational number, there will be a
finite number of such sets of m values, if b is irrational, there will be an infinite
number of such sets and each will contain one value of m. The notation used is
the following:

by = 2™b — [2™D], form € J. (4.32)
Using the convention of (4.32), (4.31) becomes

2m
II,,9(27™a +b) :/0 (1 =2""u){Ko(a+bj,u+by) — Ko(a+bs,—u-+by)}du
for m € J. Since the m dependence has been taken out of the above kernel’s
argument, the limit as m tends to infinity can now be taken, as was done in
Section 4.3.1.
lim M,92 "a+b) = / {Ko(a+bj,u+by)— Kola+by,—u+by)}du
m 0

m—oo

o) b
— / KO(@+bJ,u)du_/JKO(@“‘bJ,U)dU

by —0

This yields a statement more general than that of Theorem (4.3.1).

Theorem 4.4.1 If g is defined as in (4.29), a € R, and using the notation of

(4.30),

lim I,92"a+b) =2 Kola+by,u)du—1,
m by

m—oo

where 2Mb — [2™b] = by for m € J.

REMARK. If b = 2F for some integer k, then Theorem (4.4.1) simplifies to the case

b = 0, which is Theorem (4.3.1).
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4.4.2 Examples

To see if the dyadic sum Haar system expansion of g has a Gibbs effect at b, one

needs to compute the integral

/bOOKo(a—l—bJ,u)du:/booZ¢(a+bj—n)¢(u_n)du.

J J neZ

Since ¢(x) = Xjo,1)(),

/ Ko(a+by,u)du :/b X[071)(t)dt

by s=lat+bs]
1, iflatb]>1, a>1-by
= {1—b;, iffa+b] =0 —by<a<l-—b
0, if [a+0b;] < -1, a< —by.

By the definition of by, 0 < b; < 1. Thus, by the above and Theorem (4.4.1),

1, ifa>1—b; >0

}}ngl 1,92 "a+b) = 1-2b;, if =b;j<a<l-—10y

m— oo

-1, ifa<—b; <0,

and there is no Gibbs phenomenon in this case.

The next examples we look at are the compactly supported wavelets. Again, as
done previously, computer analysis will be used to approximate values of necessary
integrals. To see what region a Gibbs effect could occur, the integral
Joy Kola+by,u)du= [ ,cz né(a+by+n)vé(u+n)du needs to be examined.

To begin with, for a > 0, when is

/OO Ko(a+bs,u)du =1 (z/ Ko(a+ by, u) du) (4.33)
by R
true? Since,
00 2N-2 2N -1
/b Kola+by,u)du= 3 Ngb(a—}-bj—l-n)/b ot dt (4.34)
J n=-—00 JTn
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left side of origin right side of the origin

J a limy, oo I1,,9(27™a + b) a | limy, .o I1,,9(27"a + b)

even | -0.35 -1.15 0.65 1.32
odd | -1.70 -1.00 * 1.30 1.30

* Computer calculated number smaller, but digits insignificant

Table 4.3: Approximate maximum overshoot and undershoot for dyadic sum
wavelet expansions lim,, .., I1,,g(27™a + b) generated by 2¢, where b = % (20
is approximated by 271).

and
IN-1

AK@(@‘}‘bJ,U)dUZ >

n=—oo

2N -1
No(a+by+n) /0 NO(t) dt, (4.35)

equation (4.33) is true when y¢(a+ by +n) =0 for by +n > 0. This occurs when
a+by;+mn>2N—1, or when a > 2N — 1. Thus, by Theorem (4.4.1), no Gibbs
effect will occur if @ > 2N — 1.

Similarly, if @ < 0, when does the expression in equation (4.34) equal zero?
This occurs when y¢(a + by +n) = 0 for by +n < 2N — 1. This is the case if
a+by+n <0,or when a < —(2N —1). Thus, in looking for a Gibbs phenomenon,
the region that needs to be checked is —(2N — 1) < a < 2N — 1, where a is the
number from Theorem (4.4.1).

Computer computations were done for the wavelet expansions of g generated
by 2¢, where the point of discontinuity is b = 1/3. In this case, b; = 1/3 when
J ={m:miseven}, and by = 2/3 when J = {m : mis odd }. The function ¢
was approximated by 5711, and the Gibbs phenomenon was checked for —3 < a < 3.

Result are given in Table (4.3)
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4.4.3 A general formula for partial sums

The last type of expansion that will be looked at is general partial sums of a
function with a jump discontinuity at any point. This can be done by looking at

partial sum of g. As in (2.23),
Si79(@) = Wug(x) + | gy)Gi(a.y) dy. (4.36)

where

Glal'y Z¢mak) ¢mak)( )

Similar to the work done for ng(Qma + b), and using the notation of equation

(4.32),

lim [ g(y) Gi(27"a +b,y) dy

m— oo

by
_ /Gla(a—i—bj, )du—/ G (a + by, u) du

by —0o0

= 2 A Gf)”(a+bJ,u)du.
J

This gives us the following corollary.

Corollary 4.4.2 For g defined in (4.29), a,b € R, and using the notation of
equation (4.36),

: lo —-m _ —m Lo
}?}g} S7g(27"a+b) = l}g Mg(27ma +b) + G5 (a),

m— o0 m— o0
where

gf;fg(a) =2 G¥(a+bys,u)du.

by

Applications of this result will be given in the next section.
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4.4.4 Examples

In this last section, specific example of general partial sum expansions of a function
with a jump discontinuity at a general point will be examined. This examination
will be based on Corollary (4.4.2).

Once again, the Haar system will be studied first. In Section (4.4.2) the dyadic

sum term of the expansion of g was found to be

1, if@zl—bj>0
lim IL,9(2"a+b)=1{ 1-2b; if ~by<a<1-b, (4.37)
e 1 ifa<—b; <0

This leaves the term gf;g(a) to be computed.

gf;fg(a) = 2 A Gf)”(a—i-bj,u)du
J

= 23 w(a+bs — (k) /:w(u — o(k)) du

For the Haar system, 1 (t) = x(o.1(t) — X[%,l)(t)v and by the definition of b,,(4.32),

1
2

0 < b; < 1. Thus, the above equation simplifies to

Lo 2¢(a+ by) fb1J W(t)dt, if o(k) =0 for some 0 < k <1
gJ,b(a) =

0, otherwise.

This first term can only be nonzero if —b; < a < 1—1b;. Values for this region will
be given in Table (4.4), and values for the limit of the total partial sum expansion
will be given using (4.37) and Corollary (4.4.2).

It has now been verified that there is no Gibbs effect for the general partial
sum expansion of a function with a jump discontinuity at any point. This shows
that in all cases concerning the Haar system, no Gibbs phenomenon occurs.

The last example that will be looked at in this section is a general partial sum

of g generated by 5¢. Again, we will use computer analysis.
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a+by by 3%(&) lim mes Slog(2=™a + b)
0<a+by<3|[0<by<3| —2b, 1—4b; € [-1,1]
0<a+by<3z|3<by<1|—=2+2b, -1
s<a+b;<1|0<b;<3 2b; 1
s<a+by<1l|3<by<1| 2—2b, 3—4by € [-1,1]

Table 4.4: Values of lim mes S2¢g(27™a + b) for the Haar system in the region
where ij%(a) # 0.

Before this can be done, it is necessary to determine what range of a and o(n)
can give nonzero values for the term QZJZ (a) of Corollary (4.4.2). This will be done

for the more general case of y¢, a general compactly supported wavelet.

g%(a) = 2 Gé”(a +by,u)du

by
l o0
- 22N¢(a+bj+a(k))/ NO(t) dt.
k=0 by+o(k)
Since [g n9(t)dt = 0, supp y¢p = [—%,N] and 0 < by < 1, Q‘l]’g(a) # 0 implies
that
N
—E—b]<0(]€)<N—b]
and
N N
N-Z N+
5 <a< N+ 5
For the specific case of 5¢, nonzero gf;fg(a) terms may occur for o(k) = —1,0

and 1 and —3 < a < 3. This area for a is the same area that was checked for a
Gibbs phenomenon in the dyadic sum case. The computer program for this part
estimated the gf;fg(a) term for —3 <a < 3,1=0,1,2 or 3, o(n) taking any one of

the values —1,0, and 1, and J being the set of odd or even values of m. As with
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the dyadic case, b will be chosen to be 1/3. The results of the computer estimates
are given in Tables (4.5) and (4.6).

This data seems to suggest that the size and the location of the maximum
overshoot and undershoot may vary with the addition of extra terms in a general
partial sum. A few observations from the data in the tables will be noted below.

In Section 4.3.4, the addition of extra terms to the dyadic sum seemed to reduce
the Gibbs effect. The results in this section seem to show that the addition of terms
can also increase the Gibbs phenomenon. Since the changes in the overshoot and
undershoot are small when considering possible errors in the estimated values,
more analysis in needed to study these results. Thus far, we have been limited by
the computer time necessary to receive better estimates.

Another point of interest occurs when J = {m : m odd }. The value for a for
greatest undershoot appears to change. Since the changes in the undershoot may
be insignificant because of estimation accuracy, more study is needed in the area.
This would require faster computer algorithms or faster computers.

This chapter only begins to address questions concerning Gibbs phenomenon
for wavelet expansions. As mentions above, faster computers and more efficient
programs may allow more accurate data in the results given. These improvements
would also allow one to study compactly supported wavelets with larger support
sizes and look for possible patterns related to support size and overshoot and
undershoot size. It would also be interesting to look at Gibbs effect for other types
of wavelets, both with mathematical formulas and with the aid of the computers.
This author hopes to be able to address some of these points in the future.

This chapter has illustrated a test for the Gibbs phenomenon which consists
of computing the size of wavelet kernels over certain intervals. Exact computa-
tions were done for the Haar system, and computer estimates were done for some

compactly supported wavelets.
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J |1 o(n) a |[1limSPg(2™a+b)*| a |limSYg(27™a+ b)*

even | 0 -0.34 -1.15 0.66 1.34
even | 1| o(l)=—-11-0.34 -1.15 0.66 1.32
even | 1| o(l)=0 | -0.34 -1.15 0.66 1.34
even | 1| o(l)=1 | -0.34 -1.19 0.66 1.34
even | 2 | o(l) =—1

o(2)=0 | -0.34 -1.15 0.66 1.33
even | 2 | o(l) =—1

2)=1 | -0.34 -1.19 0.66 1.32

(
even | 2| o(1)=0
( 1

o(2) = -0.34 -1.18 0.66 1.34
even |3 | o(l)=-1

d(2)=0

c3)=1 | -0.34 -1.18 0.66 1.33

* stands for im mes S9g(27™a + b)

m—oo

Table 4.5: Approximate maximum overshoot and undershoot for general partial
wavelet sums lim mes S9¢(27™a + b) generated by 26, where J = {m : m even }

and b = % (2¢ is approximated by 9711).
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J |1 a(n) a |1limSPg(2™a+b)*| a |lim8Yg(27™a+ b)*
odd | 0 -1.67 -1.002** 1.33 1.33
odd [ 1] o(1)=—1|-1.67 -1.002** 1.33 1.16
odd [1] o(1)=0 | -1.67 -1.002** 1.33 1.33
odd [1] o(1)=1 ||-1.17 -1.004** 1.33 1.33
odd [ 2| o(1l) = -1

o(2)=0 | -1.67 -1.002** 1.30 1.16
odd [ 2| o(1l) = -1
o(2)=1 | -1.17 -1.004** 1.33 1.16
odd | 2| o(1)=0
s(2) =1 || -1.67 11.001%* 1.33 1.33
odd | 3| o(1) = 1
d(2)=0
o3)=1 | -1.67 -1.001** 1.33 1.16
* stands for lim mes Slog(2=™ma + b)
** last digits may be insignificant.

Table 4.6: Approximate maximum overshoot and undershoot for general partial
wavelet sums lim mes S2g(27™a + b) generated by 2¢, where J = {m : m odd }

and b = % (2¢ is approximated by 9711).

81



Computational analysis for

Chapter 4

In this appendix, we will give a discussion of the FORTRAN programs used to
estimate the Gibbs effect for expansions by compactly supported wavelets of a
function with a jump discontinuity. The data from these programs will also be
analyzed. In all of this appendix, we shall be using the compactly supported
wavelets of I. Daubechies, and as in Chapter 4, we will simplify notation by using
¢ in place of yo.

Computer programs were used to estimate the Gibbs phenomenon in four cases:
(1) in a dyadic sum expansions of a function with a jump discontinuity at the ori-
gin, (2) in a general partial sum expansion of a function with a jump discontinuity
at the origin, (3) in a dyadic sum expansion of a function with a jump discontinu-
ity at 1/3, and (4) in a general partial sum expansion of a function with a jump
discontinuity at 1/3 (see Sections 4.3.2, 4.3.4, 4.4.2 and 4.4.4).

Let us examine Case 1, Gibbs phenomenon for dyadic sum expansions of a
function with a jump discontinuity at the origin; the function, f(z), used is found
in equation (4.13). From Theorem (4.3.1), we have that lim,, . L, f(27a) =
2 [5° Ko(a,u) du — 1, and from the work in Section 4.3.2, for a dyadic wavelet

expansion generated by ¢, a Gibbs effect can only occur for values of a between
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—(2N —2) and 2N — 2. With these results, estimating the size of a Gibbs effect is
quite simple. The computer is used find a value for the integral [ Ko(a,u)du =
S2N=2 h(a+n) [2N7 ¢(t) dt. This value can only be estimated since we have no
closed form for ¢. Using equation (4.9), we will approximate ¢ by values of 7;.
To simplify our discussion, let us look at the specific case where N = 2 and
a > 0. In this case, we wish to evaluate
00 2 3
/0 Ko(a,u) du = TZEQ m(a+ n)/n mi(t) dt. (A.1)
This equation can be evaluated exactly, except for computer round off errors,
since 7; is a simple step function whose value at any step is determined iteratively
with equation (4.10); here h(0) = (14 v/3)/4v2, h(1) = (3 + V/3)/4V2, h(2) =
(3 — v3)4v/2, and h(3) = (1 — /3)/4V/2) (see [Dal]). The computer programs
evaluated equation (A.1) for values of a between 0 and 2 in increments of 0.01,
and for [ values of 3 through 11. Similar work was done in the case where a is
negative. The function 7;; was the last estimating function used because of the
large amount of time necessary to compute values for these functions iteratively.

Data and analysis for this case are given in Tables (A.1) and (A.2).

The following technique has been used to analyze the data in the above tables.

Let
©, = overshoot (undershoot) with expansion generated by ¢,
©,, = overshoot (undershoot) with expansion generated by 7;,
dj =0y — 6773'7
and

r = approximate ratio of d; and d; ;.

In this work, we will assume that the above ratio is independent of j. Since the

data in the tables suggest that the ratio is actually decreasing, we will actually be

83



im0 1, f(27a) Overshoot | Difference of Ratio of

J | (2[7 Kola,u)du—1) from 1 Overshoot Difference

3 1.201484870 0.201484870
0.120487212

4 1.321972082 0.321972082 0.720544152
0.0868163536

) 1.408788438 0.408788438 0.717141572
0.062259618

6 1.471048056 0.471048056 0.716942818
0.044636586

7 1.515684642 0.515684642 0.713948688
0.031868232

8 1.547552874 0.547552874 0.709062304
0.022596562

9 1.570149436 0.570149436 0.703819811
0.015903908

10 1.586053344 0.586053344 0.699093204
0.011118314

11 1.597171658 0.59717658

Table A.1: Computer data for estimating the Gibbs effect on the right hand side
of the origin using dyadic wavelet expansions generated by ,¢. The value of a
in this data is 1.0, which produced the maximum overshoot. The function ¢ is

approximated by 7;.
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limy,, o0 I, f(27™a) | Undershoot | Difference of Ratio of

J | (2[7 Kola,u)du—1) from —1 Undershoot | Difference

3 -1.00742503 -0.00742503
-0.011869768

4 -1.019294798 -0.019294798 0.799229943
-0.009486674

) -1.028781472 -0.028781472 0.600112326
-0.005693070

6 -1.034474542 -0.034474542 0.538555121
-0.003066032

7 -1.037540574 -0.037540574 0.58964290
-0.001807864

8 -1.039348438 -0.039348438 0.566461858
-0.001024086

9 -1.040372524 -0.040372524 0.492972270
-0.000504846

10 -1.040877370 -0.040877370 0.485157850
-0.000244930

11 -1.041122230 -0.041122230

Table A.2: Computer data for estimating the Gibbs effect on the left hand side
of the origin using dyadic wavelet expansions generated by ,¢. The value of a in
this data is —1.1, which produced the maximum undershoot. The function 5¢ is

approximated by 7;.
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computing estimates for the upper bounds of the overshoot and undershoot. Now,

j=oo M

— @T]j + dj —|— dj+1 —|— dj+2 +
@m’ +djzrj

J=0

= 0, +d;/(1-7). (A.2)

Q

Using the data from Tables (A.1) and (A.2) in equation (A.2), we will let 7 = 10
and r be the smallest ratio in each table. The computations yield ©, ~ 0.62300 on
the right hand side of the origin, and ©, ~ —0.04135 on the left hand side of the
origin. These values are quite close to the values of the overshoot and undershoot
computed using 711, so our estimates look reasonable.

Similar programs and computations were done for the expansions generated by
30, 40, and 5¢. Less data was collected in these cases since more time was required
for the iterative process in these cases.

This finishes the explanation of the programs and analysis used in Case 1. In
the rest of the cases, only expansion by 2¢ and 51 were used. In these cases, 9¢ is
approximated by 71, and 21 is computed using the equation

2th(x) = ;2(—1)”11(—71 + 1)20(22 — n).

These programs follow directly from the discussions in Sections 4.3.4, 4.4.2 and

4.4.4. This completes the discussion of the computer programs for Chapter 4.
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