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The Problem

In this talk we consider the dynamic frictional contact between a
viscoelastic body and a rigid foundation. Let Q represent the body
and [ be its boundary. Partition I into three disjoint parts: the
contact boundary I¢, the fixed boundary I'p, and the Neumann
boundary Iy.

1_'0 n gap
T 3/
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Classical Formulation

Let u(x,t) represent the displacement of the point x at time t, and
set v=u’. The classical formulation for this problem is

v = div(o(uv))+fs  inQr=Qx(0,T)
o(u,v) = Ag(u)+ Be(v)

g(u) = %(Vu+VuT)
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Boundary Conditions

We use Dirichlet conditions on I'p, Neumann conditions on Iy,
and Signorini complementarity conditions on '¢.

u(x,t)=0 onlp
o-n(x,t)="fy only
0<g—u,L—0,2>0 onl ¢
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Handling Friction

In [1], Kuttler and Shillor use a regularized nonlocal contact stress
in order to avoid defining the trace of the stress on the contact
boundary. They use this regularization in the context of the
generalized Coulomb law for sliding friction:

lor| <u(lvr|)|(#Z0o)sl  onlc
. \"J
ifvr # 0,then oy = —u(\vﬂ)](%a)n\ﬁ.
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Using the notation described in the previous section, we choose
spaces U, V, H, %, V', 7, and & as follows:

V= {u ce(H'@Q)V:u= OonrD}.
Set H = (L2 (Q))N, so that
VCH=HCV
Let U be a Banach space in which V is compactly embedded, V is

dense in U, and the trace map y: U — (L2(99))" is continuous.
(e.g. U= (H¥*(Q)NnV).
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o ¥ =12%(0,T;V)

o ' =1%0,T;H)

o X ={we¥ :weV w,—g<0inl?0,T;L*(T¢))}
o Hy={we :w(T)=u(T)}.
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More Notation

Define operators M,L: V — V' by
(Mu,v) =

v)) dx

(Lu,v) =

v)) dx.

‘,o\;g\
> ™
™ (¢0)
e =

Define f € L2(0, T; V') by

T T
(f,z>7/,1/:/ /fB-zdxdt+/ fy - zdT dt
’ 0 Q 0 My

for z € ¥. Finally, define the adjoint trace operator
v L2(0, T; (L2(Fe))N) — 77 by

(7rEw / / & wrdrdt.
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Weak Formulation

The classical formulation is equivalent to: Find
e uc C([0,Tl;U)NL=(0,T;V)
e ve [2(0,T;V)NL>(0,T;H)
e VvV €20, T; HY(Q)V)
o £el?(0,T;L2(Fc)")
such that for all w € %,

—(v(0),u(0) —w(0))y — /OT (v,v—w'),dt

T T
+/ (Mv,u—w>dt+/ (Lu,u—w)dt
0 0

~(reuw) < {fu-w),,

where y4-& satisfies for w € 7,

it < [ [ uliur) @0l (vr —wl - lvrl)dr,
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Stewart's Lemma

In Energy Balance for Viscoelastic Bodies in Frictionless Contact,
Stewart proved the following lemma:

Lemma

Let K be a closed, convex set in a reflexive Banach space X,
f:[0,T]— X', feLP(0,T;X’), and u: [0, T] — X be a solution to the
variational inequality: u(t) € K for all t, and

;
/ (@(t) — u(t), f(t)) o xr dt >0 forallcontinuous : [0, T] — K.
0

Then provided the distributional derivative v’ € L7(0, T; X)
(1/p+1/g=1), then

(u'(t),f(t)) . o =0  foralmostallt € [0, T].
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),f(t))dt >0 for all continuous &, we can

o Since [ (G(t)—u(t), f(t
( t),f(t)) >0 for all w € K and almost all t.

show that (w —u
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@ Since f0T<L"J(t) —u(t),f(t))dt >0 for all continuous &, we can
show that (w — u(t),f(t)) >0 for all w € K and almost all ¢.

@ The set E C [0, T] on which (w —u(t),f(t)) <0 is a null set.
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Sketch of Proof

@ Since f0T<L"J(t) —u(t),f(t))dt >0 for all continuous &, we can
show that (w — u(t),f(t)) >0 for all w € K and almost all ¢.

@ The set E C [0, T] on which (w —u(t),f(t)) <0 is a null set.

@ The ordinary derivative limp_o(u(t+ h) — u(t))/h exists
almost everywhere, except on a null set, F.
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Sketch of Proof

@ Since f0T<L"J(t) —u(t),f(t))dt >0 for all continuous &, we can
show that (w — u(t),f(t)) >0 for all w € K and almost all ¢.

@ The set E C [0, T] on which (w —u(t),f(t)) <0 is a null set.

@ The ordinary derivative limp_o(u(t+ h) — u(t))/h exists
almost everywhere, except on a null set, F.

e On [0, TI\(EUF),

(4 (), £(t)) = lim <W,f(t)>

h—0
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Sketch of Proof

Since fOT ((t) —u(t),f(t)) dt >0 for all continuous &, we can
show that (w — u(t),f(t)) >0 for all w € K and almost all ¢.
The set E C [0, T] on which (w —u(t),f(t)) <0 is a null set.

The ordinary derivative limp_q(u(t+ h) — u(t))/h exists
almost everywhere, except on a null set, F.

On [0, TI\(EUF),

(4 (), £(t)) = lim <W,f(t)>

h—0

As h — 0, this limit is 0.
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Properties of 7,

Recall that we defined
o X ={we¥V:w eV w,—g<0inl?0,T;L*(T¢c))}
o Hy={we X :w(T)=u(T)}

, is closed and convex in ¥ C 7 = 7.
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Applying Stewart’'s Lemma

Put F=v +Mv+ Lu+75E —f, so that
(Fow) = (V' +Mv+Lu+y5& —f,w),, ., forall w, and suppose
that u is a weak solution to the problem. Then

-
/ <v'+Mv+Lu+Y‘T§—v,u—W>VXV,dt§0 forallw € 7,
0
or equivalently,
T
/ (Ww—u,F)y ,dt>0  forallw e J,.
0

Since %, is closed and convex, and u’ =v € L2(0, T; V), we
conclude that

(v,F)\y =0forae.t €[0,T].
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That is,
0 =(v(t),v'(£)) + (Lu(t),v(t)) + (Mv(t),v(t))
+ (& (1), v(t)) — (f(t),v(t))
(u(t),V'(£)) + (Lu(t),v(t)) = (F(t),v(t)) — (Mu(t),v(t)) — (¥3E(t),v(t))
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Therefore,
2 (5 0w+ 5 (Lule).ute) ) = (F(O.8(0) -~ (Mv(0)¥(2)
— (rr&(t),v(1)).-
° %(v(t),v(t)) + % (Lu(t),u(t))is the total energy of the elastic

body;
o (f(t),v(t)) is the rate at which work is done by the external

forces;
e (Mv(t),v(t)) is the rate of energy loss due to viscosity;

o (7+&(t),v(t)) is the rate of energy loss due to friction.
It remains to show that frictional energy loss obeys the maximum

dissipation principle.
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Maximum Dissipation

Claim: (& (t),v(t)) = Jre b(vrI(Z0)n|(lvr|)dT for a.a. t.

That is, frictional forces are strictly dissipative and the principle of
maximum dissipation is satisfied.

Proof:

Step 1: Kuttler and Shillor showed that for all w € 73,

T T

| g wyde< [ [ u(urDi@o)al(vr+wrl—vrl)drd.

C

We can easily show
b b

| trewyde< [* [ ulvrDl@o)al(vr +wr|—vrl)drde
a a C

for any a,b € [0, T].
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Maximum Dissipation

Step 2: Choose w =v to get

[remdes [ ulurbicronlrldrde.

Step 3: Choose w = —v to get

[ argwdez [ [ aurhlo)(uraree

Then

b b
| rewde= 7] uQurhio)l(vrirdt

for any a,b € [0, T]. Hence,

<}/§—§,v):/r w(Nvr)(#Z0)al(vr))dr  fora.a.t €0, T].

C
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