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ABSTRACT

We calculate hydrodynamic mode longitudinal and transverse spin correlation functions
for polarized quantum one-dimensional lattices containing two, four, and eight spins
using a Heisenberg nearest neighbor interaction. We also analyze the spectra of these
systems.

INTRODUCTION

Recently, Cowan and Mullin[1] have used a moments method to study spin transport in polarized
paramagnetic (high temperature) quantum crystals. Their analytic calculations of the diffusion
coeflicients have been qualitatively confirmed with numerical calculations of correlation functions
on 1-d lattices with classical Heisenberg spin dynamics by Tang and Waugh[2] and Ragan et al.[3].
However, it is not clear whether the classical simulations are strictly comparable to the analytic
quantum results. It is the goal of this paper to calculate the quantum correlation functions directly
so that they can be compared to the classical results. Such calculations have been carried out for
low temperature systems [4]. A severe limitation of the approach, however, is that the quantum
calculation can only be carried out for small N systems.

Consider a one-dimensional lattice containing N spins. We can write the state vectors as a
product of single spin states:

N
wa) = T1155); 1)

where [1,,) is one of the 2V possible state vectors, and |S%) equals [T) or [|). We can also represent
these state vectors in binary notation!, which is useful when generating the Hamiltonian and spin
matrices.

Now, the Hamiltonian contains the Heisenberg exchange interaction and the interaction with the
magnetic field.

B Hot =038 504038
J:k J
The solution to the Schrodinger equation is
Y(t) = h(0)e et I
We would like to simplify our calculations by transforming our solution to the Larmor frame. This

will eliminate H; from the solution, and the dynamics of the system will only depend on the exchange

Hamiltonian. Our rotation operator is R(t) = et Hvt g0 we have,

(1) = R(t) = ef Trhap(0)eh FTeet I — (0 Flest

1See the Appendix for an explaination.
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We must now determine the exchange Hamiltonian matrix, He, =
—%ZS]» - Sk. (From here on we will drop the subscript.) To construct the Hamiltonian, we will
Jik

rewrite the interaction in terms of the Pauli exchange operator?.

S;- Sk = (2P — 1)
H=-

The exchange operator, ij simply exchanges the spins of the for the j** and k" spins. We can
illustrate this on the previous example for |15) = | [T][71): if Pag3 is acting on |¢)5), we have

Pas| LTLT) = [LLTT) = [0011) = [¢)5)

For the ground state, all spins are up. In addition, the ground state is a stationary state. In
order to make the ground state have zero energy, we will add J/2 to each term in the Hamiltonian.

We have . .
=03 (P —1). (2)
gk

Let’s see how the Hamiltonian acts on our previous example, |15) = | [T[T).

Hls) = —J(Pia+ Paz+ Py + Py — 4)|[117) =

JOTLLTY + LT 1T +[TTLD) —4[L1LT) =
J(]1001) + [0011) + |0110) + |1100) — 4|0101)) =
J([tg) + |h3) + [b6) + [1h12) — 4|1s))

We can now generate the Hamiltonian:

. N—-1
Hjp, = J[406 — djo — Y _ 5], (3)
=1
where -
a=j+ @11 -1) mod 2 — (L;N_lj) mod 2],
and ‘ ‘
f=3+ 27 (L hmod2 — (1121 )) mod 2]

Once the Hamiltonian is determined, we need to find the eigenvalues, F, to determine the

propagator,

7 ( ) _ i Byt

sznemy = 0 e’ (4)
The eigenvalues are the energies of each of the state vectors when written in the energy basis. Hence,
the propagator is written in the energy basis, whereas the state vectors in Eq. (1) are written in
a different basis, which we will call the standard basis. We can transform the propagtor to the
standard basis by constructing a transformation matrix with the normalized eigenvectors, |e,), of
the Hamiltonian. The transformation matrix is

T = [lex)lle2)|--.len)]- (5)

2For a detailed description of this procedure, see Feynman [5]
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Transforming the propagator into the standard basis, we have
0 = g eneran . (6)

The next step is to determine the spin operator matrices, S’f , 5‘;4, and 5‘; that act on the j**
spin of a particular state vector. These matrices can be determined by using the angular momentum
commutation relationships.

I

SGyim = 00, (7)
Sl = 12701, (8)
SGyim = gwlm (9)
where
— - 2m )

To calculate the correlation function, we will need to construct the g-mode parallel and transverse
spin operators. These are
2mqj

_2mqj
sE=Y (57 +iS%e N . (11)
J
_271’in
§, =Y (87 —iShe N . (12)
J

It is also necessary to construct the density matrix, which determines the statistical weighting
of each spin due to polarization. The density matrix is
b 2 b j
— 0 (-1 — mod 2 — 1
VO AU DOET = )
= jke (13)

Here, |S7) is written in binary notation, and the magnitude of b corresponds to the strength of the
magnetic field.
We define the parallel and transverse correlation functions, respectively, as|[6]

(35(t) - 53(0))

Pjk = djke

“O=Gosor (14
) 5 0)
=G0 s 0y (15)

By applying the propagator to Eq. (10) and (11), the g-mode spin operators are made time
dependent. Since we are interested in the hydrodynamic mode, ¢ = 1.

(31 - 51(0)) _ (pU's70s7) _ Tx[pU's U]

CO=G0 0y T pesm | s 1o
-5 O) (0T Os)  TelpUtst Usy]
CO=Fo o)y Gia) - Tpaa] 1

It is possible to observe the spectrum for a given lattice by taking the Fourier Transform of the
correlation function:

Gi(w) = \/% [ h Gz (t)e™ dt (18)
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CORRELATION FUNCTION OF THE QUANTUM DIMER AS AN ILLUSTRA-
TION

For a two spin system, the state vectors in the standard basis are

o) = [LL); [91) = [11), [b2) = [T1), [hs) = |11)- (19)

We use Eq. (3) to calculate the Hamiltonian matrix (for simplicity, we will make the constant
J=1):

0 0 0 O
- 0 2 -2 0
= 0 -2 2 0
0 0 0 0

By finding the eigenvalues and normalized eigenvectors, we can construct the transformation and
the propagator matrices using Eqs. (4) and (5).

1 0 0 0
‘r(energy) _ 010 0
v 0 0 1 0
0 0 0 e %t
0 0 0 1
1 1
7 0 B 0
1 0 0 0
1 1

The next step is to transform the propagator into the standard basis(Eq. (6)). We have

1 0 0 0
1, 1,—4it 1 _ 1,—dit
7 f—1fr(energy) g _ 0 5+3e 3T ¢ 0
U U T 0 ; _ ;674” ; + 2674215 0
0 0 0 0
Egs. (7), (8), and (9) give us the spin operators.
01 00 0 010
sz |10 0 0 go _ 0 0 01
ttooo 1|2 [1o0o00]
0 010 01 0 0
0 —2 0 O 00 — O
w |00 0| 4 [00 0 —i
51 = 0 0 0 — 52 = t 0 0 O ’
0 0 ¢ O 0«2 0 O
-1 0 0 0 -1 0 0 0
b 0 1 0 O by 0 -1 0 0
St = 0 0 -1 0 52 = 0O o0 1 0|
0 0 0 1 0 0 0 1

We use Eq. (13) to construct the density matrix.
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FIGURE 1: Plot of G%(¢) and spectra for a 2-spin lattice in an unpolarized and highly polarized
system.
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The parallel and transverse spin matrices are the final components necessary before we can
calculate the correlation functions. Using Eqgs. (14) and (15) we have

0 0 00 0 -2 2 0 0o 0 0 O

&= 0 -2 0 0 ot — 0 0 0 2 G — -2 0 0 0
! 0 0 2 0 |7t 0 0 0 =2 |71 2 0 0 0|

0 0 00 0 0 0 O 0 2 -2 0

Tr[pUts: Us?
f(t) _ [,0 : :S;AZSJ _ COS4t,
Tr(p 57 5]
~ ~ 2b .
Tr[pUTsH Usy]  evs ™ 4 it
G (t) = : ]1 = ST

and the spectra:

Gi(w \/7/ cos 4te™tdt = \/7(5((11 4) 4+ 6(w +4)),

/ o it L edit ot V27r(6(w — 4) +ef§(w—|—4))
w dt = 20

~ Vor 14 evs 1+evs
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FIGURE 2: Parametric plot of Re[G%(¢t)] and Im[G5(t)] as ¢ goes from 0 to 20 seconds and spectra
for various degrees of polarization for a 2-spin lattice varying degrees of polarization.
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FIGURE 3: Plot of G%(t) and parametric plot of Re[G (t)] and Im[G7 (t)] and spectra for various
degrees of polarization for a 4-spin lattice.
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FIGURE 4: Plot of G%(t) and spectra for an 8-spin lattice with various degrees of polarization.
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FIGURE 5: Parametric plot of Re[G7 (t)] and Im[GT (t)] as t goes from 0 to 20 seconds and spectra
for various degrees of polarization for an 8-spin lattice varying degrees of polarization.
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APPENDIX

We can also represent the state vectors in Eq. (1) in binary notation in the following manner. For
the j* position, we will write [1) if [S7) = |1) and |0) if |S7) = [|). The subscript n in Eqn. (1) is
determined by the following relation:

N
n = 251|S;>2N7j'
j=1

For example, suppose we are dealing with a 4-spin system and one of the state vectors is | [T]1).
Using the system above, we would write this as |0101). Therefore, we would write this vector as

|95).
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